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PREFACE 


This book is intended for second- or third-year students 
who have some knowledge of the principles of elementary 
analysis. Definitions of the terms and summaries of those 
results in analysis which are of special importance in the 
theory of series are given in Chapter I. Inhere it has 
proved convenient the o, 0 notation has been used, even 
although this is sometimes.considered too difficult for the- 
average student. In the interests of rigidity it has been 
necessary to discuss the question of the upper and lower 
limits of a function, but I have confined myself-to an 
outline of those properties which have direct bearing on 
the convergence of series.' 

The central theme of . the book is the convergence of 
r&al series, but series whose terms are complex and real 
infinite products are also discussed as illustrations of the 
main theme. Infinite integrals have been omitted, except 
in connection with the integral test for convergence. 

In an elementary book of this kind it is difficult to 
state, with any accuracy, to whom I am indebted for the 
particular presentation of the subject, but the lecturers of 
my student days, Professor T. M. MacRobert, Dr James 
Hyslop and Mr A. S. Besicovitch, must have influenced 
me considerably. I am especially indebted to Professor 

MacRobert, who, in view of my absence from home, has 
vii 
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very kindly corrected all the proofs for me. My thanks 
are also due to Dr Graham, who has verified the examples, 
and to Dr Rutherford, who, along with Professor MaoRobert, 
has seen the hook through the press. 

J. M. HYSLOP 

R.A.P. 

Middle East 
August 1942 
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CHAPTER I 


FUNCTIONS AND LIMITS 

1. Introduction. The theory of infinite series is an 
important branch of elementary mathematical analysis. 
For its proper understanding it is essential for the reader 
to have some knowledge of such fundamental ideas as 
bounds, limits, continuity, derivatives and integrals of 
functions. In this chapter a brief sketch will be given of 
those results in analysis which will be used in the book, 
and also a more detailed discussion of the question of 
limits. It will be assumed that the reader is familiar with 
the simple properties of the logarithmic, exponential, 
hyperbolic and circular functions. Certain properties of 
these functions, however, which are of special importance 
in the theory of series will be derived in Art. 17. 

2. Functions. It is sufficient for our purpose to 
regard a function of a variable as a mathematical expres¬ 
sion which possesses one calculable value corresponding 
to each of a set of values of the variable. Each calculated 
value of the expression is called the value of the function 
corresponding to the appropriate value of the variable. 
Throughout, the letter x or y will denote a real variable, 
that is, a variable which takes only real values and, unless 
otherwise stated, the functions with which we deal "will 
also be assumed to be real, that is, to possess only real 
values. Functions of x are usually denoted by symbols 
such as F(x), f(x), etc., and their values when x — a 
by F(a), f(a), etc. If values of the function f(x) can 
be determined for certain values of the variable x we say 
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that f(x) is defined for these values of *. If the function 
f{x) is defined for all values of * satisfying the inequality 
a<x<b, we say that f(x) is defined in the open interval 
(a, b). If, in addition, f(x) is defined for x = a and for 
x — b, then f(x) is defined for a^.x^.b and we say that 
f(x) is defined in the closed interval (a, b). 

3. Bounds of a Function. Suppose that the function 
f(x) is defined for a certain set of values of x. If there is 
a number which is greater than all the values of f(x) then 
f(x) is said to be bounded above for these values of x. 
If there is a number which is smaller than all the values 
of /( x) then j(x ) is said to be bounded below for these 
values of x. If both conditions are satisfied f(x) is said 
to be bounded for these values of x. 

If, for a certain set of values of x, there is a number K, 
independent of x, such that (i) f(x)^K, (ii) there is at 
least one value of x for which f(x)>K—e, where e is any 
positive number,* then K is called the upper bound of 
f(x) for this set of values of x. If, for a certain set of values 
of x, there is a number k, independent of x, such that 
(i) (ii) there is at least one value of x for which 

f(x)<k-\-e, then k is called the lower bound of f(x) for 
this set of values of x. ■ . 

It is clear that the lower bound of /(*) is not greater 
than its upper hound. 

The functions 

tan x, 

(—1) r b, (n a positive integer), 
sin (1/a;), (a;>0), 

are respectively unbounded above and bounded below 
with lower bound zero, unbounded above and below, 
bounded above and below with upper and lower bounds 
+1 and —1. 

* Throughout e and rj will always denote positive numbers 
and it is convenient to think of them as small. 
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The following theorem is fundamental.* 

Theobem A. If f(x) is bounded above for a certain 
set of values of x, it possesses an upper bound for these 
values of x. If fix) is bounded below it possesses a lower 
bound. 


4. Limits of Functions. The function f(x) is said to 
tend to the limit l as x tends to a if, given e, we can f find 
rj — ij(e) such J that \f(x)—l\<e for all values of x for 
which the function is defined and which also satisfy the 
inequality \x—a\<rj. In these circumstances we write 
/(x)-»Z as x—.~a or lim/(:t) = l. 

x-*a 

The function /(*) is said to tend to the limit 1 as a: 
tends to infinity if, given e, we can find X = X{e) such 
that |/(x)— Z|<e for all values of x>X for which the 
function is defined. In these circumstances we write 
f{x)->l as x->oo or lim/(x) = l. 

X-+CC 

The function/(x) is said to tend to infinity as x tends 
to infinity if, given any positive number K, we can find 
X = X(K) such that f\x)>K for all values of x>X for 
which the function is defined. In these circumstances 
we write/(x)-s-oo as x->oo or lim/(x) = oo. 

3->-C0 

The reader should also construct definitions corres¬ 
ponding to the expressions 

lim/(x) = —co, lim/(x) = l, lim f(x) = oo. 

z—ta x—*■—oo x ~>—oo 

Throughout the remainder of this article we shall 
consider only limits as x~*co and we shall assume that 

* Theorems A, B, C are stated without proof. Their proofs will 
be found in most text-books on mathematical analysis. 

f The symbol |ccj means the numerical value of x. For example, 

131 = 3 , 1 — 2 ] = 2 . 

The inequalities [a^-fa^| < \xj] -f \x z |, I#! ±ai 2 [ > \x r | — \x 2 1 are easy 
to verify. 

X The statement 77 = 77 (e) means 77 depending only on e. 



4 


INFINITE SERIES 


the functions under discussion are defined for all sufficiently 
large values of x. There being no possibility of ambiguity 
we shall use the contracted notation li mf(x) for a limit 
of this kind. The subsequent theorems hold with trivial 
modifications for other types of limits and, in particular, 
for limits as a—>oo through a certain set of values. It 
will be observed that from the definition of a limit it follows 
that, if/(a;) is defined for all values of x and if lim/(a;) = l, 
then a fortiori f(x)-*l as x tends to infinity through any 
set of values and, in particular, through all positive integral 
values. We now prove some fundamental theorems on 
limits. 

Theokem 1. If lim fy(x) — l v lim } 2 {x) = Z 2 , then 

(i) lim {Mx)+Mx)} = li+l 2 , 

(ii) lim — Vsi 

(iii) lim f 1 (x)lf !S (x) = l 1 lk, 

where, in (iii), = 0. 

Corresponding to any positive number 6 we can find 
X-y = Xy{8), X 2 = X 2 ($) such that 

\A( x )~ 

whenever x>X v x>X 2 respectively. If X = Max (X 1; X 2 ), 
that is, if X is the larger of X x and X 2 , then these two 
inequalities hold a fortiori whenever z>X. 

(i) Given <r, let 9 = Je and determine X as above. 
Then whenever x>X, which depends only on e, 

\fi( x )+U x )-h-h\ < |/i(*)-4l + |/ 2 (a:)-4l 

< 29 

and this proves (i). 

(ii) Given e, let 9 be the positive root of the equation 

* 2 +(iy+iy)*—«=o, 
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and determine X as a function of 9, and therefore of e, 
as before. Then, whenever x>X, 

\fi( x )fi{ x ) V2I = \fi( x ){fs.( x ) y+y/io*)—yi 

^ l/i(*)l \fs.( x )—h\ + \h\ \fi( x )~h\ 

< (\h\+e)9+\h\9 
= ^+( 1^1 + 12 . 1)0 
= 

which proves (ii). 

(iii) Given e, let 6 be any positive number satisfying 
both the inequalities 

and determine X as before. Then,* whenever x>X, 

| fi( x ) _ h | _ | ~hM x ) 

I fA x ) h W 2 +) 

-hi*)} +/.(^){/i(g) -y 

hM x ) 

'f/.r)"?.,-/.,+M j l, 

I^sii/sWi 

(|lil+0)0+(12.|+0)0 

\km-8) 

< $ f fei+ifei+i4i+i~i4h 

" 1 Vi 2 J 

< e, 

which proves (iii). 

It should be noted that (i) and (ii) hold not merely 
for two but for any finite number of functions f^x), f^x), 
f 3 (x), . . . The reader should examine how far the theorem 
remains true in the case when either \ or 1 2 or both are 
infinite. 

* It is assumed here that f,(x) #0 for any particular value of x. 
If it is zero we merely omit the corresponding value of it from 
consideration. 
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If x y= 0 we may write jxj = l/(l-fa), where <z>0. Then, 
for n>p+ 1, 

,,, , |<r n* • nP 

|/WK'(l +a )„ l+na+(”)a 2 +...+a n 

v,® 


< 


n(n—l)...[n—p) 


0.V+ 1 


lA..(p+l) 
(p+l)! a -5-1 ?! -1 

■o, 


as n-^oo, since the numerator tends to zero and the 
denominator is a product of p factors each of which tends 
to I. Thus, by Theorem 2, hm f(n) =0. If [a;[<l, a<0 
the same result is true, since 

n a \x\ n < |a;| M ->0. 


Suppose now that |aj|>1, a<0. Write /? = —a and 
let q = [/3] + l. Let \x\ = 1+a, a> 0. Then, arguing as 
before, we have, for n>q-\- 1, 


!/(»)!> 


(i+g) n 

n” 


n(n-l)...(n-q) 
1-2...(?+!) 


a« +1 


“ te+iji* (1_ * )(1-S )- (1_5) 


as n —^oo. If |*|>1, a>0 the same result is true, since 
n a \x\ n >\x\ n - ; >- oo. 


Thus, when x>l, /(»)->co. When *<—1, /(»)->co as 
n tends to infinity through even values and co as 

n tends to infinity through odd values. The function 
f(n) is therefore unbounded when |a:|>l. 

When x = 1 we have/(ra) = n a and lim/(ra) = 1, oo, 0 
according as a — 0, >0, <0. 

When x = —1, a>0, we have f(n) = (—1 ) n n a , which 
does not tend to a limit as n tends to infinity. In the 
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case x — — 1 , a = 0, however, f(n) is bounded and has 
upper and lower bounds equal to -fl and —1. When 
* = —1, a<0 the function clearly tends to zero. 

(ii) Let cf>(n) = x n /n ! We shall show that, for all 
values of x, <f>(n) tends to zero as n tends to infinity. 

Let N — [|s|]. Then, if n>N, 

x n \ \x\ N ix\ n ~ N \ x \ s l N \ n ~ N 

n\ N\(N+l)(N+2)...n < ~N\\N+l) 

as 7i—>oo, since 0<|a;|<JV+l. The result follows from 
Theorem 2. 

6. Monotonic Functions. If, as x increases in a 
certain interval (a, 6), the function f(x) does not decrease, 
then /(*) is called a monotonic increasing function of 
x in (a, 5); if f(x) does not increase, then it is called a 
monotonic decreasing function of x in (a, b). 

Tkeokem 3. Iff(x) is a monotonic increasing (decreasing) 
function of x for x>a then, as x-^-oo, f(x) tends to a definite 
limit or to + oo( —co) according as f(x) is bounded above 
(below) or not. 

It will be sufficient to prove the theorem for a monotonic 
increasing function only. 

Suppose that f(x) is bounded. By Theorem A it has 
an upper bound K with the properties, (i) f(x)^K if 
x>a ; (ii) given e, there is a value X of x greater than a 
such that f(X)>K—e. Since f(x) is monotonic increasing 
it follows that, whenever x~^X, 

K-e<f(x)^K<K+e. 

Thus f(x)->K as k-»co. 

Suppose that f(x) is not bounded above. Given any 
positive number L we can find a value X' of x such that 
f(X')>L. It follows that f(x)>L for all values of x^X'. 
Hence/(a;)->oo as *-^co. 

7. Upper and Lower Limits. Suppose that the 
function f(x) is bounded for all values of x^x 0 . Let 
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case x = — 1 , a = 0, however, f(n) is bounded and has 
upper and lower bounds equal to +1 and —1. When 
x = — 1 , a<0 the function clearly tends to zero. 

(ii) Let fi(n) = x n ln ! We shall show that, for all 
values of x, <f>{n) tends to zero as n tends to infinity. 

Let N — [|x|]. Then, if n>N, 

\x n \ \x\ s \x\ n ~ s _ |*| \x\ 

|n!| - N\(N+l)(N+2)...n K N\ yv+lj “ >0, 

as n-> oo, since 0^|as|<.W+l. The result follows from 
Theorem 2. 

6. Monotonic Functions. If, as x increases in a 
certain interval (a, b), the function f(x) does not decrease, 
then /(*) is called a monotonic increasing function of 
x in (a, b) ; if /(*) does not increase, then it is called a 
monotonic decreasing function of x in (a, b). 

Theorem 3. Iff(x) is a monotonic increasing (decreasing) 
function of x for x>a then, as *->oo, f(x) tends to a definite 
limit or to +co( — oo) according as f(x) is bounded above 
{below) or not. 

It will be sufficient to prove the theorem for a monotonic 
increasing function only. 

Suppose that f(x) is bounded. By Theorem A it has 
an upper bound K with the properties, (i) f(x)^K if 
x>a ; (ii) given e, there is a value X of * greater than a 
such that /(X) >_£—<•. Since f(x) is monotonic increasing 
it follows that, whenever x^X, 

K-e<f(x)^K<K+e. 

Thus f(x)-*K as *->co. 

Suppose that f(x) is not bounded above. Given any 
positive number L we can find a value X' of * such that 
f(X')>L. It follows that/(*)>£ for all values of x^X'. 
Hence/(*)~>co as x-+co. 

7. Upper and Lower Limits. Suppose that the 

function f(x) is bounded for all values of Let 
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M(X), m(X) denote respectively the upper and lower 
bounds of f{x) for x~^X^x 0 . Then M(X), m(X) are 
respectively monotonic decreasing and monotome in¬ 
creasing hounded functions of X. By Theorem 3 they 
therefore tend to finite limits as X-s-co. These limits 
are called respectively the upper and lower limits of 
f{x) as xs-co, and we write 

lim/(a) = lim/(x) = lim M(X), 

X-+CQ X —>30 

lim/(a;) = lim f(x) = lim m(X). 

x —>00 a;-»co 

It should be observed that every bounded function 
possesses finite upper and lower limits and that the 
lower limit is not greater than the upper limit. 

As an illustrative example consider the following 
function of the positive integral variable n, 

/(*) = i+(-i) n +i. 

If N is even, M(N) — 2+ m(N) = 0, while, if N is odd, 
M(N) = 2 m(N) = 0. 

Thus iim/(re) = 2, lim/(») = 0. 

It is clear that 

lim sin x = 1 , lim sin x = — 1 . 

The following theorem gives us an alternative definition 
for upper and lower limits. 

Theokem 4. If there is a number l such that , (i) given 
e there exists Xj — X^e) such thatf(x)<l-\-e whenever 
(ii) no matter how large X 2 may be there is a value of a^X 2 
for which f(x)>l—e, then ? = lim/(:r). Conversely, if 

lim f(x) — l, then l has the properties (i) and (ii). 

Similar properties hold in the case of the lower limit. 
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Since M(X x ) is the upper bound of f(x) for x^X 1: 
there is a number X'{^X x , such that f(X' 1 )>M(X 1 ) — e. 
Thus, whenever X>Xj, 

M(X)^M(X 1 )<f(X' 1 )+e<l+2e. 

Also, from (ii), we have M(X)>l—e. Hence M(X)-+l 
as Xh-oo ; that is, l — lim/(*). 

Conversely, if lim/(x) = !, given e, there is a number 
Xj = X x (e) such that M(X)<l+e whenever X^X x . In 
particular, Jf(X 1 )<Z+e; whence f(x)<l+e whenever 
x^X v Also there is a number X 2 such that M (X 2 )>Z—|e. 
Since Jf(X 2 ) is the upper bound of f(x) for z>X 2 , there 
is a value of ir>X 2 such that f(x)>M(X 2 )—le. For this 
value of x we then have/(a;)>Z— e. 

For the ease of the lower limit a similar proof may be 
constructed. 

Theorem 5. If lim f(x) = lim/(») = l, then iimf(x) = l, 
and conversely. 

By Theorem 4, given e we can find X! = X x {e) such 
that/(*)<?+£ whenever x^X x and X 2 = X 2 (e) such that 
e whenever a:>X 2 . Let X = Max (Xj,, X»). Then 
\}( x )~ Z|<e whenever »>X ; that is, lim /(*) = l. 

We leave the proof of the converse to the reader. 

8. Continuity. Suppose that the function f(x) is 
defined in the interval and that x 0 is some point * 

(other than a or b) in this interval. Then f{x) is said to 
be continuous at the point x 0 if lim f(x) =f(x 0 ). It is 

said to he continuous at a if /(a:)->/(o) as * tends to a 
irom the right (that is, through values of x greater 
than a), and at b if f(x)-+f{b) as x tends to b from the left 
(that is, through values of x less than 6). The function is 
said to be continuous in the interval a^.x^.b if it is 
continuous at every point of the interval. 

* Here and occasionally elsewhere it is convenient to use the 
language of geometry. 
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For example, the function ar 1 is continuous for x>0 
or for a;<0 but not for x = 0 since it is not defined at 
this point. Also the function f(x) = x, (x ^ 0), /(0) = 1 is 
not continuous at x = 0 since lim/(a;) = 0 9 ^/( 0 ). 

JE-»0 

The following theorem summarises those properties of 
continuous functions which we require. 

Theorem B. The sum, difference mi product of two 
functions f(x) and <f>(x) which are continuous at x 0 are also 
continuous at x 0 . Also f(x)l<f>(x) is continuous at x 0 provided 
that <f>(x 0 ) 0. 


9. Differentiation. If the function f[x) is defined 
in the interval (a, h), and if a; is a point in this interval, then 


lim 

h-+0 


f(x+h)-f(x) 

h 


if it exists, is called the derivative or differential 
coefficient of f(x) at the point x, and we denote it by 
d 

f'(x) or by — f[x). The function f{x) is then said to be 

differentiable at the point x. The derivatives of f(x) at 
a and h are defined similarly with the same conventions 
in regard to the limit operations as in the case of continuity. 
If the above limit exists for all points x in the interval 
(a, b) then f[x) is said to be differentiable in the interval. 
Its derivative f(x) is then defined for all points in the 
interval (a, b). If f'(x) is differentiable in (a, b) we denote 
its derivative by f"{x). Similarly, we may obtain in 
succession further higher derivatives of f(x). 

We assume that the reader is familiar with the ordinary 
rules of differentiation and with the derivatives of functions 
which commonly occur in elementary analysis. We state 
the following theorem for the purpose of reference. 


Theorem C. (i) If f'(x 0 ) exists then f(x) is continuous 
at the point x 0 . (ii) If the n-th derivative f ln> (x) of the function 
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f(x) exists in an interval which includes the origin and if x 
is any point in this interval, then we have 

/(*) =/(0) + l/{0)+...+ j^j f /'- u (0)+ 

or 

/(*) =/(0)+f ! / , (0)+...+ 

v n 

where, in both cases,* O<0<1. 

The expansions in (ii) are called the Taylor (or 
M&claurin) expansions of /(x). 

10, Integration. For the purposes of this book it 
is not necessary for the reader to be acquainted with 
the strictly arithmetical definition of the definite integral. 
He should, however, know the “ standard ” integrals, the 
more important theoretical properties of integrals and the 
various methods of simplifying and evaluating them. 

Such properties, together with a complete discussion 
of the arithmetical definition of the Riemann integral, 
will be found in R. P. Gillespie, Integration.' f 

Here we shall discuss briefly the question of infinite 
integrals, as these have important applications to the 
theory of series. In passing it is perhaps worth remarking 
that almost every theorem for infinite series has an exact 
analogue for infinite integrals. 

If, for t^a, the function f(f) is continuous it is known X 

that j f(t)dt exists for x^a and defines a function F(x) 

which is continuous for a>a. If lim F(x) is finite and equal 

j* 00 $-><C 

to L tlie integral f{t)dt is said to be convergent to 

the value L. Otherwise the integral is said to he divergent. 

* It should be noted that 6 depends both on n and on x. 
t This text-book will be referred to as G. $ See G., p. 71. 
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Divergent integrals are further classified into properly 
divergent, finitely oscillating and infinitely oscil¬ 
lating integrals. In the first of these F(x ) tends to -j-oo 
or to —co, in the second F(x) does not tend to a limit 
but remains bounded for all large values of x, while, in 
the third, F{x) does not tend to a limit and is not bounded. 

r- oo 

For example, the integral t~Mt, (a> 0), is convergent 
J a 

for A>1 and properly divergent for A<1, the integral 

/»0O 

sin t dt oscillates finitely and the integral | t sin t dt 


oscillates infinitely. 

Suppose that, for t^a, f(t) and g(t) are positive 
continuous functions and that/(fXg(f). Suppose further 

g(t)dt converges to the value M. Under these 


that 


f 


conditions it follows that f{t)dt is convergent, for F(x) 
J a 

is a monotonic increasing function * of x and 
JP(£c)!^i f g(t)dt^M. 


Hence, by Theorem 3, F{x) tends to a finite limit. 

Suppose now that /(f) is not defined at the point a 
and that, elsewhere in the range a<f<6,/(f) is continuous. 

j*i> rb 

In these circumstances j[l)dt is defined to be lim / (t)dt, 

J a €->0 J a+e 

and is said to be convergent if this limit is finite and 
divergent otherwise. Such an integral is essentially the 
same as that which we have already discussed, for it reduces 
to that type by employing a suitable change of variable. 
The comparison property which we have obtained above 
clearly holds also for this type of integral. We may 

similarly form definitions for f(t)dt when /(f) is not 

J a 

* See G., pp. 74, 75. 
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defined at b or when /(f) is not defined at some point 
within the interval (a, b). 

rirr 

Example. Show that the integral log (1 /sin $)d6 is 

Jo 


convergent. 


We use the inequality sin0> —, (0and some 

IT 

elementary properties of the logarithmic function (soe Art. 12). 

The integrand is positive and continuous for 0 
and is not defined at 0 = 0. Wo have 


Ct-TT I'tn 

log (l/sin0)cf(? < log ( ir/28)d& 
jo Jo 

r -i j.}77 

= 9 log (tt/ 20) -f \ dO, 


which is finite. It therefore follows that the given integral is 
convergent. 


ri-rr 

The given integral is equal to — log sin 6 dd and its value 
Jo 


will be found in Art. 33. 


11. The o, O notation. Let cf>(x) be a positive function 
of x, that is, a function of x which takes only positive 
values, and let f(x) be a second function which is defined 
for the same values of * as tf>(x). If, for these values of x, 
there is a positive number K, independent of x, such that 

then we write f(x) = 0{</>(x)}. For example, 
sin x = 0(|*|), 

cos * = 0(1), for all values of *. 

The first relation is of course true for values of * outside 
the range (— \n, \n), but, in such cases, the relation 
sin * = 0(1) is more precise. By the statement 
f(x) — 0{<f>(x)} as *->oo we mean that f{x) — 0{cj>(x)} 
for all values of * concerned which are greater than some 
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fixed number. In the same way a meaning may also be 
attached to the statement f(x) = 0{<f>(x)} as x->a. 

If, as xs~a, /( x)/c/)(x)~>0, then we write f(x) = o{(f>(x)} 
as x-xx. For example, 

tan x? — o(x‘ i ) as x->0, 

\/x = o(x) as *->£», x = o(-\/x) as »->0. 

It is often convenient to use symbols like 0(x), o(I), 
0(a; 2 ), o(a _1 ), etc., without reference to a specific function. 
For example, the symbol 0(* 2 ) stands for any function 
whose numerical or absolute value when divided by x 2 
is bounded for the values of x under consideration. Again, 
the symbol o(l) stands for any function which tends to zero 
as the variable under consideration tends to some number 
which is rendered unambiguous by the context. Meanings 
are thus attached to such statements as 

0(1) = o{x) as x-s-co, o{x) = o{\/x ) as %-*Q. 

If f(x) and <j>(x) are any two functions such that 
f(x)l<j>(x)-> I as x^a then we write f(x)~<j>(x) as a-xt. 
For example, tan as a-M). 

Example. If, as x-^-co, f(x) — x^+O^x), <j>(x )~a _1 , show 
that/(*)^(a!) = x+o( x). 

Since <f>(x)^x- 1 we may write cj)(x) = x- 1 +c(x~ 1 ). Then 

f(x)<f,(x) = {x‘ s +0(x)}{x- 1 +o(,x- 1 )} 

= x+0(1) +o(x) +0(x ). o(x~ 1 ) 

as x-+oo, 0(1) = o(x) and 0(x). o(x ~ 1 ) = o (1) = o(x). The 
result therefore follows. 


Examples 

1. Evaluate the following limits :— 
... « 5 —» + l 

{i;) +a 

n~+ 1» bon* -\-b 1 n ' p ~ 1 + +&j> 

..... ,. x n +n 

(ill) lim --—— 

n _*oo x n ~ 1 +2 n 


(607^0), 
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(iv) lim 

n —>x 


x—x SnH 

l+as**? 5 ’ 


(v) 


as-vO V -f-&) "~V (2 —«) 


2. If lim f(n) = i prove that 

Um / (1) +/(2 ) 4- ■ • +/(») 


[Write /(») = J-f <£(»). Then <£(«)■>0 as m->co and the 
result will be provod if wo show that 

*(*) = W + m±_^J±v) _ >0 . 

n 

Given e, we can find N = N(e) such that |0(»)|<-je, when¬ 
ever n>N. Writing 

\^(l)+4(2)+... + <l>(N)\=K, 

we then have 

l$( B ) j< - -f W^+ 1 H+M y + 2 )H----+!#(”)! 

< K c(n-N) 
n Sin 



< ie+l» 


whenever n> Max. (N, iKje). The result follows.] 

3. If 

1 1 

m - VW»+1)} + V{(»H-l)(»+2)} + "' + vT(2^-1)2«} 

prove that f(n) tends to a limit l which satisfies the inequality 

i«Kl- 

[Show that f(n) is a monotonio decreasing fimotion of «.] 

4. If <j,[x) is continuous for and if lim {/(*)} = l, 

x~+k 

where k may be finite or infinite and a^Z^b, prove that 

lim #/(»)} = 

%-*k 
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5. Evaluate 

(i) lim (eos -) , 'ii) lim {( — l) n +sin J nir}, 
x~>0 V 

J ^ J J 

(iii) lim -sin - , (iv) lim -—— sin 

6. If, as k-M), f(x) = x+o(x z ), </>(x) = x~ 2 +0(x~ 1 ), prove 
that f(x)cj>(x) — a; -1 +0(1). 

Answers. 1. (i) J ; (ii)o 0 /6 0 ; (iii) J if x if |*|>1 ; 

(iv) x if |*| <1, Oif* = ±1, —1/a; if \x\>l ; (v) y/2. 5. (i) 1; 
(ii) —1—1^2 ; (iii) —1 ; (iv) 1. 



CHAPTER XI 


SOME PROPERTIES OF PARTICULAR 
FUNCTIONS 

12. The Logarithmic and Exponential Functions. 

In this chapter we shall consider briefly some of the 
simpler functions of analysis. It will be assumed that 
the reader is familiar with their well-known properties, 
and we shall therefore confine ourselves to a discussion 
of those properties which are required for an adequate 
understanding of infinite series. We begin with the 
logarithmic and exponential functions. 

The function log x is defined for x>0 by means of 
/*» rz 

the integral j H dt. The relation y — I (- 1 dt, x>0, 

defines y as a monotonic increasing continuous function 
of x which tends to infinity as * tends to infinity, and it 
may be shown that, for all values of y, x is a positive, 
continuous, monotonic increasing function of y. This 
function we denote by exp y. If the number e is defined 
by the equation 



it may be proved that, when y is a rational number (that is, 
a number of the form min where m and n are integers), 
exp y = e v . When y is irrational e v is defined to be exp y. 
The function a* is then defined for all values of y and all 
positive values of a to be e yl0 %®. 

We now deduce some properties of these functions. 

18 



SOME PROPERTIES OF PARTICULAR FUNCTIONS 


19 


(i) If x is any real number and n is any positive integer, 


1 + 

^ 1! ^2! 




where O<0<1. 
Let y — e x . 
Thus 


__h_ e fe 

(to— 1)! ^ n.! ’ 


Then x — log y ■■ 


n 

■ r 


dt. 


dx , dy 
-=y-\ 4- 


y 


dy ’ dx 

It follows at once that the derivatives of all orders 
of e* are e x and that their value when x — 0 is 1. The 
result then follows from Theorem C (ii). 

An immediate consequence of this result is that, 
as a;->0, e x = 1 +x J r O(x' 1 ). 

(ii) If a and x are positive, there is a positive number K, 
independent of x, such that e x >Kx a . 

Let p = [a]+l. Since the terms on the right-hand 
side of the expansion for e x in (i) are positive, we have 
by taking n large enough, for x^l, 

xP 


and, for 0<a:<l, 


e x > r > ' ,, 

pi p\ 


e“> - 


x ”~ 1 




(p-l)\^(p-\)V 
The result follows by taking K to be 1/p!. 

(iii) If a is any real number then, as a->co, 
x - a e*-+co , £V*-s-0. 

Let j8 be any positive number greater than a. Then, 
by (ii). 

x- a e x >Kx~ a xP = KxP~ a -yco. 


The second result follows at once from the first. 

(iv) If 8 isanypositivenumberthen,asx~>K),logx=o(x&) 
and, as a:-*0, log x — o(x~h). 
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The second result follows from the first by writing l/x 
for x. It is only necessary therefore to prove the first. 
Let log * = yj S. Then we have to show that ye.-’ 1 - K) as 
y-> oo, and this follows at once from (iii). 

(v) For *>p >—1 we have * 

tv 2 m3 toil 

log (1+z) =x-j +‘3 +R(n, x), 

where ,i„ +1 

\R(n, x)\<K 


K being positive and independent of n and x. 

Tor x>— 1 we have 

rl+x rx 

log(l+a:)=J t~ 1 dt= j [ 1 +t )- 1 dt 

<y*3 to7l 

= *- j. + 1 -... +(-I)«-i ~ +B(n, x ), 

where 

R(n, x) = (-1)" fV(l +t)-W. 

J o 

lft*>0, 

| R(n, k)|^ J 

while, if —1<p<£<0, 

\B(n, x) \ = f 
J X 


n+l 


go 

t 

J * 


< | J»(l +p)~Ht 

_! W M+1 


= (1 +f>)~ 


The result therefore follows. 


M-fl 


* In this inequality p is any fixed number greater than — 1. 
If necessary it can be regarded as being as close to — 1 as we please, 
t See <?., p. 74. 
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The particular ease n — 2 is of special importance. 
In this case we may write 

log (1+s) = s+0(a; 2 ), (—l<p<*<l), 
or log (l+a^z-wa:, (ar->0). 

The first of these is of course true fdr x>l, but is obviously 
a result of no mathematical significance. 

(vi) If a is any real number and x>— 1 , then 

(l + 3 )«=l+a* + °^ I U 2 +... + ^7 1 2 ^-^ 2) - 1 
, (1-g)”- 1 a(B-ij'-(a-»+l) 

1 (1+0as)*-» (ra-l)l 

where O< 0 < 1 . 

This follows almost at once from the second form of 
Theorem C (ii) since, when a is any real number and 
x>— 1, 

~(\i {«alog(l +ai )} = JL e alog(l+*> = a (l+*)«-!, 

which is equal to a when x — 0 . The values of the other 
derivatives at x = 0 then follow without difficulty. 

It follows from this result that, for — l<ai<l, 

(1+*)“ = l+aa:+0(a; 2 ), 

(l+*) a = 1+0LB+ ® a +0(H 3 )> et0 - 

l .z 

(vii) If x is any real number, then 

lim (l+-V J = e*. 

v-*-±» \ y1 

Write h = xjy so that, as y~» 4 ;Co, 0 . Then, since 

we may assume that h>— 1, 



= e *{i+o<i«>} 

->e x , 

as 0, since the exponential function is continuous at 
the origin. 
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(viii) If j3 is any real number, then 
xP—aP „ i _ 


lim ' 

x—a 

Write^ = l+Ji. Then supposing, as we may, that 
h>- 1 , 

xP~aP (1+A)0-1 e-i 

lim-— = lim - 1 -. a 

*-w 0 /l->0 * 


= a' 


by (i) since j3 log (1+A)—>0 as h—>0 . 


0-i, : .„«' 3Io8<1+ " ) -1 JS log (1+1) 

j81og(l+A) • h 

0 e- i r 

= pw hm —7 T-—tt 

/,-*> j81og (1+A) 


13. The Hyperbolic Functions. The hyperbolic 
functions are defined by the relations 

sinh x = i(e*— e~“), cosh x — |(e*+e _!> ), 

1 


. . smh x 

tanh x = —:—, coth x ■■ 
cosh x 


" tanh x ’ 


sech x — — T —, cosech x — -r-s—. 
cosh x smh x 


These relations define sinh x, cosh x, tanh x, sech x for all 
values of x, and coth x, cosech x for all values of x except 
zero. 

The following properties of these functions may be 
easily verified:— 

(i) cosh s x—sinh 2 x = 1, 

(ii) sinh {x-\-y) = sinh x cosh y+eosh x sinh y, 
cosh {x+y) = cosh x cosh y+sinh x sinh y, 

(iii) sinh x = cosh x, cosh x = sinh x, 

' dx dx 
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(iv) sinh x = x+ ^ + 


•+l 2 S=ijr +M! siDl1 ^ 

/|j2 a*4 /^2 7i AjSW’fl 

cosh, = l + gl + r , +- + ( 2^)1 + ( 2 W+ I) ! sinh ^ 
where O<0 1 <1, 0<fi 2 <l. 

14. The Circular Functions. It is not necessary to 
discuss here logical definitions of the circular functions. 
We assume that the reader is familiar with the properties 
of these functions, and we confine ourselves to a statement 
of the Taylor expansions of sin x and cos ,. We have 

o*3 /v5 /y*2ll—1 

= 31+51-•+(- 1 )"- 1 (2^1)1 

4*2 n 

+ -(2,4)] sin ( fl l*+»*)> 

C"2 /y»4 /y*2?Z 

cos ,=!-_+--. + (-i r _ 


where 0<S 1 <1, 0<# 2 <1. 


+ (2»+l)l aJn {«**+(»+ 1 W> 


Examples 

1. Evaluate the limits 


(i) lim 

CO 



( ii) lixn (i + i)"-“ 

yi—>*oo \ ro ' 


(iii) lim x sin. -, (iv) lim 

ar-Kc x 


(n + 1) log n—n log (n+1) 
log n 


2. Evaluate the limits 


(i) lim (ii) lim x x “, 

X~>0 2-4-0 


(iii) lim (sin ,)*“ *. 
%~>o 


3. Prove that, as ,-4-co, 

log log x x log log x 

log x ’ (log,)" 
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4. Prove that, as 34-0, 

(i) e 2 *—2e*+l 

(ii) e 1 ’ sin x = 3+0( |a:j 3 ), 

(iii) e* cos x log (1+a) = s+0(x 2 ), 

and that, as 34 -co, 

(v) log (l+e*+e**)~.r 2 . 

5. Provo that as 34-0, smh.r~ 3 , and that as 34 - 00 , 
log sinh 3~3. 


6. Provo that, 


2 s ; 2 2 a : 3 2 3 ® 5 

' x+ IT + Ji sT‘ 


2iC«— 1 ) sin 


+ 


in —1 \ . 

(— t 


(n—1)1 


2i»X n 0 

+ —— e®* sm {Bx+imr), 
n\ 


•where O<0<1. 


Answers. 1. (i) 1; (ii) 00 if o>l, e if a = 1, 1 if o<l; 
(iii) 1; (iv) 1. 2. (i) 1 ; (ii) 0 ; (iii) 1. 



CHAPTER III 


REAL SEQUENCES AND SERIES 

15. Definition of a Sequence. Suppose that A n is a 
function of the positive integral variable n which is defined 
for all values of n. Then the ordered set of numbers 

^1’ ^2! ^8’ *•* J 

obtained from A„ by giving n the values 1, 2, ... in turn 
is called an infinite sequence or, more simply, a sequence. 
The numbers A v A a , ... are called respectively the first, 
second, ... terms of the sequence. In this chapter we 
shall assume that our sequences are real, that is, have 
only real terms. 

16. Convergent, Divergent and Oscillating Se¬ 
quences. The sequence A v A 2 , ... is said to converge 
or to be convergent to the sum a if * lim A„ — a. If A n 
does not tend to a finite limit the sequence is said to be 
divergent. Divergent sequences are often classified 
further into sequences which are properly divergent, or 
oscillate finitely or oscillate infinitely. In the first 
of these lim A n = ±oo, in the second ri.„is a bounded 
function of n and in the third A n is not bounded. For 
example, the sequences for which A n is equal to l+l/», 
log n, sin-JtMr, (— \) n n, are respectively convergent, 
properly divergent, finitely oscillating and infinitely 
oscillating. 

* By lim A n = a we mean lim A n — a. We shall adopt this 

co 

contracted notation throughout when dealing with functions of the 
positive integral variable n. 
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17. Infinite Series. Suppose that a n is a function 
of the positive integral variable n. Let 

n 

^n ==0 l+ a 2+---+ a ?! =■£'*)■• 
r-1 

The function A n is called the sum to n terms or the w-th 
partial sum of the series <%+ct a -f o 3 +.... This series is 

00 

often denoted by 2a n , or, more precisely, by Sa n , and 

71 = 1 

a v a 8 , ... are called respectively the first, second, ... terms 
of the series. The series ffi 1 +a a +a 3 +... is said to converge, 
properly diverge, oscillate finitely or oscillate infinitely 
according as the sequence A v A t , A 3> ... converges, 
properly diverges, oscillates finitely or oscillates infinitely. 
If lim A n = a, where a is finite, the series 2a n is said to 

CO 

converge to the sum a, and we write 2a n — a. 

11 — 1 

It will be observed that, in the above paragraph, the 

CO 

notation 2a n has been employed in two different senses. 

n=l 

It was used firstly as a means of naming a particular 
series and secondly as the sum of the series. The reader 
will find that no difficulty arises from this ambiguity in 
notation. 


18. Important Particular Series. We now obtain 
the expansions in infinite series of certain well-known 
functions. 


(i) If —1<*<1, we have 


log ( 1 +z) = 


x ~-» + 9 


--Z(- 
« —1 


- 1 }" 


x n 
n' 


Let A n denote the w-th partial sum of the series on the 
right. Then, from Arts. 12 and 5, we have, for 
— 1 </><£<!, 


K—log (14*)|<*Jjj££ ->0 
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as n-s-oo. That is, the series on the right is convergent 
and has the sum log ( 1 +*) when —l<a;^l. 

When * = lwe obtain the following interesting result: 

log 2 = 1 —l+J—!+•••• 


(ii) For all values of x we have 
e* = 1 


*+-+.. 
1 21 ‘ 


1 ! ' 2 ! 


-o»i 


For the series on the right we have, from Arts. 12 and 5, 


\A„— e z | = e 


n! 


► 0 , 


as »->oo for all values of x. The result follows. 


(iii) For all values of x we have 

X ® 

sin a = 3 — gj +gj—..., 

. a 2 a - 4 

oos x = 1 — 2 j + jj — • 

(iv) For all values of x we have 

sinh a: = *+ 31 + gj +•••? 
eosh* = l + |j+ 


The proofs of (iii) and (iv) are similar to the proof of (ii). 

(v) If —l<a;<l and, a is any real number we have 

, ala—1 ) „ ga(a—l)...(a— »+l) „ 

(l+a;) <I =l+a*+-h—-V+...=2M-- — x n 

«=■ 0 


1.2...a 


fFDe?i a is a positive integer the series on the right reduces 
to a finite sum and the expansion is then valid for all values 
of x. 

We may confine our attention to the first part of the 
theorem, the second part being merely a statement of the 
“ positive integral index case ” of the binomial theorem. 
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From Art. 12 we have, for the series on the right-hand 
side, when x>—l, 

\A n -a+xr\ = (i+fe)“-i (q^)” +1 w, 

w5lere (n—l—a)(n —2—a)...( —a) 

" (»—l)(w—2)...2.1 

Suppose that a is positive. Let p = [a]. Then, for 
all sufficiently large values of n, 

rr f(»—1—a)(»—2—a)...(i>+l—a)] 

■" rr r~i 

(a—p)(a+l— p)...(a— l)a 
p (p-l)...2.1 

= 0 ( 1 ), 

since each factor lies between 0 and 1. 

Suppose now that a is negative. Let jS = —a, q = [/?]. 
Then, for all sufficiently large values of n, 

M - ur ,—;-/ 

„f (»+j8-g-2)-(/8+l)]B ) 

‘ (»-l)(»-2)...(g+l) J 

fr+fflH-y g+ 1 ~A / 1 g+l-A /, q+ 1-A 

g! #-l »—2 g+1 / 

(2k-)s +1 

< 

= 0(»« +1 ). 

It foEows from Art. 5 that, whether a be positive or 
negative, |Z n |x n -s-0 when —1 <k<1. 

Moreover, when 

*>-1, O<(l-0)/(l+ft*)<(l-0)/(l-0) = 1. 

The result stated then follows at once. 
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Two important particular cases of this result are worth 
stating independently. Putting a — —1 and — x for x we 
obtain = 1+a:+2 a + ... , (_l <a: <l). 

Again, putting a = —2 and —x for x we obtain 
(1-z)- 2 = l+2a;+3a; 2 +... , (—l<a:<l). 

19. The General Principle of Convergence. We 

now give a very general criterion for the convergence of 
an infinite series or sequence. 

Theobem 6. A necessary and sufficient condition for 
the sequence A lt A s , ... to be convergent is that, given e, 
there should exist a positive integer N = N(e) such that 
\A n+ „— A n \<e for all integral values of n>N and for all 
positive integral values of p. 

If the sequence is convergent there is a finite number a 
such that A n -s-a. Hence, given e, we can find a positive 
integer N = N(e) such that \A„— a|<|e whenever n>N. 
Thus, if p is any positive integer and n>N, 

A n j — jA n +p a ] ~r\A n — e. 

Thus the condition is necessary. 

On the other hand, if the condition is satisfied, it 
follows that \A n — j4y +1 |<e for all values of 1; 

that is, for n^N+ 1, 

■d js r +1 —<= < A n < Ay + ! + e , 

so that A n is bounded. It follows that both lim A n and 
lim A n are finite and that * 


whence 


—e<lim A„<lim A„<Ajy +1 +e, 
0<lim A,— lim _4„<2e. 


But e is arbitrary, so that lim A n — lim A n . Hence lim A„ 
exists and is finite. The sequence is therefore convergent. 

* Of the three equality or inequality signs in the succeeding 
line one at least must not be the equality sign. 
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The following is the analogue of Theorem 6 for series. 
Theoeem 7. A necessary and sufficient condition for 
the series Sa n to he convergent is that, given e, we can find 
N — N(e), such that 

I »+?> I 


Z a v 


<e, 


v=n +1 


for all integral values of n>N and all positive integral 
values of p. 

This follows at once from Theorem 6, for, if 


A n — Z a v , 

we hare v=l 

n+v 

A n+V ~A„ = a n+1 -\-a n+2 -{-... J ra n+v — Z a„. 

e=n+l 

The following deduction from Theorem 7 is very- 
important. 

Theoeem 8. The series Za n cannot be convergent unless 
a n ~~ Ml. 

The theorem will be proved if we show that, if Za n is 
convergent, a„->0. 

From Theorem 7 with p — 1, given e we can find 
N =A T (e) such that \a n+ ,\<e whenever n>N. That is, 
|a„|<e whenever n>N +1 and the result follows. 

It is important to notice that the condition a„->0 
does not necessarily imply the convergence of the series 
Za n . For example, in the case of the harmonic series 
l+i+i+i+---» we have a n = n~ l -»0 and 

A in ~A n = — + ~ +...+1 J = h 

This inequality holds for all values of n however large, so 
that by Theorem 7 the series is not convergent. 

Example .—Show that the series 2 sin. [nd + j>), 2 cos (n$ -f ^)» 
where <j> is any real number and 8 is any real number except 
zero or a multiple of 2 it, oscillate finitely. 
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We shall show first that sin (n6+<£) does not tend to 
zero as n->oo. 

Let k„ =sin (n9 + if>) and suppose that 0. Then we 
can find N such that, whenever n>N, 


that is. 


Now 


so that 


I I s ™ s l 

K, ‘ < \/(i+ sin 2 g) ’ 


|k»+iI+ 1«»| < 


2 {sin 8 1 
V(4+ sin 2 0) 


|I = \k u oos 0+cos (nS + rf,) sin 8 \ 

^ ya- K » 2 )|sin 8\ — {«:„jJcos B\, 

l K »+il + |K„|>i/(l-/c„ 2 )|sin 6 \ 


> 


, / sin 2 0 

V ( 1 ~4 + ^) |Smei 

2|sin 6\ 

•v/(4+ sin 2 0)’ 


( 1 ) 


which contradicts (1). Hence sin (n8+<t>) does not tend to 
zero. Since cos (nd+fy) = sin (reS+^+Jir) it follows that 
cos does not tend to zero. By Theorem 8 it follows 

that the series 2 sin (nff + $), 2 cos (n8 + rj>) are not convergent. 
They oscillate finitely, since 

n gjji Sill 

2 (v8+<L) {J(to+ 1)0 + «6} sin ln8 cosec 48 

v~X cos cos 

^ | cosec J9|. 

The reader will find it an interesting exercise to deduce 
from the fact that sin («,0-j-<£), cos {n9+ij>) do not tend to 
zero, that these functions do not tend to a limit at all. 


20. Some Preliminary Theorems on Series. We 

now show that infinite series possess certain of the well- 
known properties of finite sums. 


00 00 

Theorem 9. If 2a n — a then Sca n — ca, where c is 

n=l n=l 

any number independent of n. 
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This follows at once from the identity 

n n 

Z ca r = cZa r 

r=l r=l 

on making n tend to infinity. 

Thjbobem 10. 

If Za n = a, Zb n = £ then Z(a n +b„) = a+£. 

«~1 w=l w—1 

This follows from the identity 

n n n 

Z(a T -{-b r ) — Za r -\-Zb r 

r=l r—1 r = l 

by making n tend to infinity. 

The same proof shows that if one of the given series 
Za m Zb n is divergent and if the other is convergent then 
the series 27(o n +6 n ) is also divergent. 

Theorem 11. 

CO 00 00 

If Za n = a then Za n — a+a 0 and Za n — a—a v 

n~ 1 n —0 ix—•% 

We shall prove only the first part of the theorem, the 
proof of the second part being similar. 

n 

Let A' n = Za v . Then clearly A' n = a 0 +A„. The 
!'=0 

result then follows on letting n tend to infinity. 

CO 

It is clear that, if the series Ea n is divergent, each of 

n=l 

00 CO 

the series Za n , Za n is also divergent. 

»=* 2 

The theorem shows that a new term may be inserted 
at the beginning of a convergent series without affecting 
its convergence, and that the first term may be removed 
from a convergent series without affecting its convergence. 
A trivial modification of the argument shows that the 
term inserted or removed need not necessarily be at the 
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beginning of the series. A further slight extension enables 
us to conclude that the insertion or removal of any finite 
number of terms from a convergent series does not affect 
its convergence, and that the sums of the various series 
are related in the expected way. 

Theorem 12. If the series Sa n converges to the sum a 
then so does any series obtained from Za n by grouping the 
terms in brackets without altering the order of the terms. 

Suppose that the series derived from Sa n by the inser¬ 
tion of brackets is 2b„ and let B v denote the sum to v 
terms of the series Sb v . Suppose that B„ contains n„ terms 
of the given series. Then, since the order of the terms 
is unaltered, B v — A nii . As v-*co, n ,-+oo and A n - s-a. 
It follows that and the theorem is proved. 

A similar result clearly holds for series which are 
properly divergent. 

It should be noted that the converse of this theorem is 
false. Tor example, the series (1—1)+(1—1)+... is 
convergent, whereas the series obtained by removing 
brackets is not. Brackets may thus be inserted without 
affecting convergence but may not be removed. 


Examples 

1. By finding their sums to n terms examine the con¬ 
vergence of the series :— 


(i) 2x n , (ii) 2 ( an+b)x n , (iii) 2 ———, 

n=1 a —1 n= i*t(ra + l) 

“ 1 
(v) 2 


(iv) 17 
n—1 
00 

(vi) 2 


=i »(n+l)(»+2)’ 
n 

ft—i ( ra +l) ! 


b=i(1 +nx){l+(n+l)z}’ 


2. Prove that, for — 
9cs 


(l-a)‘(l+2a) „ =1 ' 


= 27{3»+2-f(-l)"+ 1 2"+ 1 }a:”. 
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3. Prove that 

(i) log{(l+.r) 1 +" ! } +log{(l—..-i.') 1 -*} 

-y.G o'8 

==a:2+ 2i + o + r7 + -'’ (~ ] <- r < 1 )> 

(ii) 2 log a-log (os+l) —log (a —1) 

" j> + 5S + as +■■•’ 

00 in 

(iii) (l+.r)e-»-(l-*)«■ = 21 


(iv) | log x 


.ip—V 

8 Vr + 1/ 


+ ..., (x>0). 


4. If 2a n — a, provo that S{n n +a„ +l ) — 2o—« v 

« - 3 ‘ft —1 

n4 -1 

5. If Ea n is convergent show that, the series £ - a n is also 

n 

convergent. 

6. Prove that the series 

00 1 00 

2 —- - , 2n~ a , (o < 1). 

b= 2 w log n 

are properly divergent. 

7. Show that the series 

00 / l\ » ® 

2 log 11 + - , 2 sin Jnir, 2n sin \mr, 

n -1 1 n n -1 at—1 


are respectively properly divergent, finitely oscillating, 
infinitely oscillating. 

® 1 

8. Prove that the series 2 —-converges to the sum 

n=l «(2n —1) 

oo 2 n 4-1 

2 log 2, and that the series £( —l) 71-1 -- converges to 

ft=l n{n+l) 

the sum I. 

00 . (\\ 

9. If £a n oscillates finitely and if a n — o (— l show that 

n=i W 


£ n{a n —a n - x ) also oscillates finitely. 
n=% 
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10. Using the relation 

tan lx = cot lx —2 cot x, 
”1 x 

find the sum of the series 2 — tan —. 

m=i2" 2" 


11. A sequence of positive terms A v -4 2 , A n , ... satisfies 
the relation 

3(1 +A„) 


Show that A n is a monotonic deceasing or increasing function 
of n according as A^-y/3. Deduce the value of lim A n . 

12. If x x — cos 0, y 1 = 1 and 

x n¥1 = ifoi+y»), Vn+l = V( X n+lVn)> » = h 2, •••» 
show that x n and y n tend to the common limit sin 6/9. 

13. If, for all values of n, 6 n >0, if lim (6 1 +6 2 +... +b n ) 
= co, and if A n -$~a, prove that 

1 • ^ 1 A 1 +^ 2^-2 + •“ ~\~b n A n 

iim------- 

bi-\-b 2 +...+b n 

Deduce that 


sin 0+sin - +... +sin- 
,. v 2 n 

W -—- —+<>. 

1+ 2 + 3+-+n 


(ii) — ■[ l 2 sin 6+2 2 sin ^ +.,.+n 2 sin -} ->W. 
n‘ 1 2 “ 1 


sin - r - 
n) 


Answers. 1. (i) Convergent if |x[<l, properly divergent 
if &•>!, oscillates between . — 1 and 0 if *= — 1, oscillates 
infinitely if x< — 1 ; (ii) convergent if |»|<1, properly diver¬ 
gent if £>1, oscillates infinitely if arC—1 ; (iii) convergent; 
(iv) convergent; (v) convergent ifz^O, properly divergent 
if x — 0, [If x= — lIn, where n is a positive integer, the series 
is meaningless.]; (vi) convergent. 10. 1/x—cot x, where 
x^O. 11. v / 3- 



CHAPTER IV 


SERIES OF NON-NEGATIVE TERMS 

21. A Fundamental Theorem. We now consider in 
some detail series whoso non-zero terms are all of the 
same sign. We shall assume that we are dealing with a 
series Ea n where a n ^0 for all values of n. There is no 
loss of generality in so doing, for a scries Ea n for which 

0 falls into this category when we multiply by — 1. 
It is almost intuitive to expect that such a series cannot 
oscillate. The theorem below contains a formal statement 
and proof of this result. 

Theorem; 13. If a n ^0 the series Ea n is either convergent 
or properly divergent. 

Since a n ^ 0, A n is a monotonic increasing function of n. 
The result then follows from Theorem 3. 

22. Rearrangement of Terms. We have already 
seen in Art. 20 that the terms of any convergent series 
may be grouped in brackets without destroying its con¬ 
vergence so long as the order of the terms is not altered. 
For series of non-negative terms we shall show that we 
may dispense with the latter condition and we shall also 
show that brackets may be removed as well as inserted 
without affecting convergence. 

Theorem 14. Suppose that 0. Let Eb n be any 
series whose term are those of the series Ea n in a different 
order. If the series Ea n converges to a then so does Eb n , 
and if Ea n is properly divergent then so is Eb n . 

Suppose that 

— a m l y ^3 = > ••• 

36 
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Then, if p is the largest of the integers m v m 2 , m n 

n 

and * B n = Eb„, we have 

p=i 

n p 

(i) B n = Ect m ^ Ea k ~ 

P=1 P-1 

where p->co as ?i->-cd. 

A similar argument shows that there is an integer k 
which tends to infinity as m-»oo such that 

(ii) A<B k . 

Suppose now that Ea n = a. Then (i) shows that 

n—1 

lim B n ^a, while (ii) shows that lim B k i^a. It therefore 
follows that Eb n converges to a. 

If, on the other hand, Ea n is properly divergent then 
(ii) shows that 5 ; .->co, so that Eb n is also properly divergent. 

Theobem 15. Suppose that 0 and that Eb n is a 
series obtained from Ea n by picking terms at random and 
grouping in brackets in any way. If the series Eb n converges 
to a then so does Ea n and if the series Eb n is properly divergent 
then so is Ea n . 

Let Ec n be the series Eb n with the brackets removed 
and the order of the terms unaltered. Suppose first that 
Eb n converges to the sum a. Then Ec n must converge 
to the sum a for, if it were to converge to a sum other 
than a or were properly divergent it would follow from 
Theorem 12 that Eb n could not converge to the sum a. 
From Theorem 14 it then follows that Ea n converges to 
the sum a. 

If Eb n is properly divergent the same type of argument 
shows at once that Ea n must also be properly divergent. 

These two theorems show in effect that, as regards 
the alteration of the order of terms and the insertion of 
brackets, series of non-negative terms behave exactly like 
finite sums. 

n 

* The notation B n = Zbv will be adhered to throughout the book. 
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23. Tests for Convergence. When A n can be 
calculated explicitly it is usually easy to determine whether 
or not the series JSa n is convergent. For a very large number 
of interesting series, however, it is not possible to calculate 
A n . It is therefore of some importance to obtain tests 
for the convergence of series which involve only simple 
properties of the terms themselves. A test for general 
series has already been obtained in Theorem 6, but this 
test is not of the type which we are seeking, for, naturally 
enough, to evaluate or obtain inequalities involving the 

n+p 

expression Sa v is hardly less awkward as a rule than the 

v —n +1 

evaluation of A n . 

The tests which follow, although stated for series whose 
terms are all non-negative, hold also for series whose terms 
are non-negative only from some value of n onwards. 

24. The Integral Test. This test is applicable only in 
the case of series Sa n for which a n is a monotonic decreasing 
function. We prove first an important auxiliary theorem: 

Theorem 16. If, for f{x) is a non-negative, 

monotonic decreasing integrable function such that f(n) = a. n 
for all positive integral values of n, then 

lim ^A n —j J{x)dx^ 
exists and satisfies the inequality 

bi—Ji/(*)<& }<«!• 

By hypothesis we have,* for all positive integral values 
of r, 

fr-t-1 fr+1 />r+l 

/(r)<fe> f(x)dx^\ f(r+l)dx; - 
Jr Jr Jr 

* Sea G„ p. 74. 
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f{x)dx^a r+1 . 


Give r the values 1, 2, ..., n —1 in succession and add. 
Then 


and, a fortiori, 


A n ^^f(x)a 

0<j 4 m —J f(x)dx^,a 1 . 


f (x)dxi^A % —a 1 ; 


f(x)dx^a x -A n 


f(x)dx,^a x 


Now A n — f(x)dx is a monotonic decreasing function 


of n, for 




f(x)dx\ - J 4 n +i- f /(»)*»! 


fn+i 

= f(x)dx —i 

J « 


°n+lsS0. 


!x tends to a 


It follows from Theorem 3 that A j f( x )^ x tends to a 

limit which satisfies the inequality stated. 

Theorem 17. If, for x^l, f(x) is a non-negative, mom- 
tonic decreasing integrable function such that f{n) = a n for 

OO 

all positive integral values of n, then the series Za n and the 

n =1 


integral 


/% oo 

f(%)dx 
J l 


converge or diverge together. In other 
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words, if one of them, converges so does the other and if one 
of them 'properly diverges so does the other. 

These results follow at once from Theorem 16, since 


A„ = J f(x)dx+ j.4„—J /(x)cfaj. 

Suppose that f(x) = x~K If A>0, f(x) satisfies the 

conditions of Theorem 17 for x>0. Also J x~ x dx is 

convergent if A>1 and properly divergent if 0^A<1. 
Thus the series 


1 - 2 l + 3 i ,+- 


is convergent for A>1 and properly divergent for 0<A<1. 
It is also properly divergent for A<0 since in this case 
its 7i-th term does not tend to zero. 

Suppose now that f{x) = * -1 {log x )~\ Then, for A>0 
and x>l, f(x) satisfies the conditions of Theorem 17. 
Moreover, 

r dx = r 6m 

J 2 *(10g *) A J log 2 

which is convergent if A>1 and properly divergent for 
0<A<1. 

Similar arguments show that the set of series 

co I oo 1 

£ _ t _ 2/ _-_... 

n =3 n log n (log log n) x ’ n= i6 n log n log log n (log log log n) x ' 

are convergent for A>1 and properly divergent for 0<A<1. 

25. The Comparison Tests. 

Theorem 18. If 0, b n ^0, if there is a positive 
number K, independent of n, and an integer N such that 
a n <Kb n whenever n>N and if Sb n is convergent, then Sa n 
is also convergent. 
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Since Eb„ is convergent, given e, we can find N r = N^e) 
such that, for all values of n>N 1 and all positive integral 
values of p, n+p 

Ebr<e/X. 

i>-n+l 


Let iY, — Max (N, Nf). Then, whenever n>N 2 , we have 


n+p 

Z(iv<K 

u~n+l 


n+p 

Zbv<€, 

v=n+l 


and, since this inequality holds for all positive integral 
values of p, it follows that Ea n is convergent. 

It follows from this theorem that if a„>0, &„>0, if 
lira ajb n = I>0 and if Eb n is convergent then Ea„ is also 
convergent. 

Theorem 19. If 0, b n ^ 0, if there is a positive 

number h independent of n and an integer N such that 
a n >kb n whenever n>N, and if Eb n is properly divergent 
then Ea n is also properly divergent. 

If n>N we have 


whence 


A n — A n = Eai>k Ebn = h{B n —B v), 

x=-V +1 i =N+l 


A n 'p>TcB n -\-A^ — kBfj. 


Let M.-S-O 0 . Then ,4,,-s-co since B n -+ co and &>0. 

The reader should satisfy himself that it is possible 
to construct a proof of Theorem 18 along the lines of the 
proof of Theorem 19 and a proof of Theorem 19 along 
the lines of the proof of Theorem 18. It should be noted 
that in Theorem 19 it is essential that h be greater than 
zero. 

As in the case of Theorem 18 it follows that if a n ^0, 
0 , if lim ajb n — l> 0 and if Sb n is properly divergent 
then Ea n is properly divergent. 

In the case when the hypotheses of both theorems are 
satisfied we have the following theorem. 
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Theorem 20. If a„?.0, b„^0, if positive numbers h 
and K, independent of n, and: a positive integer N can be 
found such that., whenever n>N, 

h<a>,IK<K, 

then Ea n is convergent or properly divergent according as 
Eb n is convergent or properly divergent. 

In this case wo say that Ea % and Eb. n converge or 
properly diverge together or that Ea n behaves like Eb„. 

Wo note that, in particular, the conclusion of the 
theorem will be true, if lim ajb n = l>0. 


Exmnple 1. 

« 1 73 1 

The series E -r , 2 - 

n= 2 n(log ») A n - \i n log n(log log n r 

are properly divergent for A<0. 

This follows at once from Theorem 19 by comparing these 
series respectively with the following properly divergent 
series :— 

00 1 00 1 

S - 2 

fi=2»’tl = 3 » l0g». 


Example 2. Examine the convergence of the series 
E log (1 

n=l 

The series is properly divergent for A<0 since its »-th 
term does not tend to zero. When A>0, 


lim 

tt-KO 


log ( 14 -« _a ) 



= 1. 


Thus the series behaves like En ~ A ; that is, it is convergent 
for A>1 and properly divergent for 0<Ae^l. 


Example 3. Examine for convergence the series Ea n where 

2 1 +<-n” 

a.„ r,.„ ■ 

n 2 +p- 


We have a n <4/» a and, for n^p, a„>l/(2» 2 }. The series 
therefore behaves like El In 2 ; that is, it is convergent. 
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26. The Ratio or d’Alembert’s Test. 

Theorem 21. If o„>0 and if lim a — = p then Ea n 

a n 

is convergent if p< 1 and properly divergent if p> 1. 

Suppose first that p<l. Then given e(< 1 —p) we can 
find N — N(e) such that, whenever ni^N, 

an+i<(p+e)a n . 

In particular, 

a N+i<(p J re)a x , 

f hv+»< (p + e Ky+i< (p+e) 2 «y > 


%+»,<(p+e)aA-+„i-i<(p+e)'"«*-. 

co 

Since 0<p~\~€<l the series 2(p-\-e) m a N is convergent. 

Ml=l 

'Xi 

It follows from Theorem 18 that Ha v is convergent and 

*-.y+i 

00 

therefore that Za v is convergent. 

V = 1 

Suppose next that p>l. Given e(<p— 1) we can find 
N = N(e) such that, whenever n~^N, 

e)a n . 

It follows, as in the first part of the proof, that, for «>1, 
%+»>(P-e) b «* 

and the result follows from Theorem 19. 

We note in passing that when p — 1 the test yields 
no definite conclusion. Tor example, in the case of the 
series En~h it is easy to see that p = I no matter what 
value A may have. The series is only convergent, however, 
when A>1. 

It may happen in the case of some series that 
lim a n+1 la n does not exist. It is clear from the above 
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proofs, however, that such series will be convergent if 
him a H+1 ja n < 1 and properly divergent if lim a n+1 /a n > 1. 


03 > 

Example. Examine for convergence the series En A x n , 

«=l 


(x>0). For this series * 


u n+l 

a„ 



Thus the series is convergent for 0<a;<l and any value of 
A. It is properly divergent for ®>1 and any value of A. 
When x — 1 the series becomes and the behaviour of this 
serios has already been discussed. 


27. Cauchy's Condensation Test. 

Theorem 22. If a B ^0 and if 

lim ] n Ja n = p, 

then Ea n is convergent if p< 1 and properly divergent if p> 1. 

Suppose first that p<l. Given e(<l —p) we can find 
N—N(e) such that that is, a n <(p J r e) n 

whenever n^N. It follows from Theorem 18 that Sa n 
is convergent since 0< p+e< 1. 

Suppose now that p>l. Given e(<p— I) we can find 
an infinity of values of n, say %, » 2 , ... such that, for 
these values of n, a n >(p—e) n . Since p— e>l it follows 
that a n cannot tend to zero so that the series Sa n is properly 
divergent. 

A more common but less general form of the theorem 
is obtained by replacing lim ’fja n by lim n Ja n . As in the 
case of the Batio test no conclusion can be drawn when 
p — 1 for, considering again the series En~h, we have 

log !>„ = - ^ log n-r- 0, 

so that, for all values of A, 

* The series is obviously convergent when x = 0. 
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28. Connection between the Ratio Test and 
Cauchy’s Test. We shall now show that Cauchy’s test 
is more general than the Ratio test. 

Thbobem 23. If a n >0 and if a n+1 ja n tends to a limit 
then ’lja n tends to the same limit. 

Suppose that a n+1 /a n -^p where p is finite and not zero. 
Then log « M+1 — log 0,,-5-log p. That is, given e, we can find 
N — N(e) such that, whenever ni^N, 

log p—e<log a n+1 -log a n <log p+e. 

For n write in turn N, W+l, ... N+m~ 1, and add. 
Then, for m^l, 

m(log p—e)<log Ojy+m-log +y<m(log p+e), 
that is, 

log p—e< (1 /to) log a N+m - (1/m) logajKlog p+e. 
Let m->oo. Then 

log p-e<lim (1 /to) logoj + »,<liin(l/m)loga^ +1B <logp+e. 

m-5-oo m-*co 

Since e is arbitrary it follows that lim — log <% +w exists 

wi-»-oo m 

and is equal to log p. Hence writing v — N +to W'e see 
that lim - log a„ = log p ; that is v Ja v ~>p. 

V-+CO v 

The proof only requires trivial alterations in order to 
be applicable also to the cases when p is zero or infinite. 

Exactly the same method of proof suffices to show 
that if 

lim a n+l la n — w , lim a n+il a n — 

then 

ca<lim (ya M <lim(yffi n <fi. 

We have therefore shown that, whenever a series can 
be proved to be^convergent or properly divergent by the 
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Ratio test it can also be proved convergent or properly 
divergent by Cauchy’s test. We shall now give an example 
to show that there are series for which a direct application 
of the Ratio test gives no result but whose behaviour may 
be determined by Cauchy’s test. 

Consider the scries Za n where 

a n = 

Clearly 

so that, by Cauchy’s test, the series is convergent. Also 

< hi+i — 

K 

which is 2 if n is even and J if n is odd. Thus lim a n+l ja n = 2 
and lim a n+ Ja n — J-, so that the Ratio test yields no 
definite result. 


29. A General Test lor Convergence. We have 
seen that, in oases when the ratio a n+1 ja n tends to unity, 
no conclusion can be drawn as regards the behaviour of 
the series Za n . The tests which we shall discuss in this 
and the subsequent articles are more delicate than the 
Ratio test and enable us to arrive at a conclusion in such 
cases. These tests are particular cases of a general test 
due to Kummer, which we now proceed to obtain. 

Theorem 24. Suppose that a n > 0, b n > 0 and that Zb n 
is properly divergent. Let 


lim 


(l_ %_ 

Vn a n +1 



K. 


Then Sa n converges or properly diverges according as 
k> 0 or k< 0 . 

Suppose first that k> 0. Then we can find N such 
that„ whenever n^N, 

1 a„ 


1 
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that is, 

2 /«n 


<vn< - r 



Thus 

/=2V + 1 * V>iV 


2 a$r 


«b N - 


%±i\ 

&*+i/ 


Hence, for the series 2a n , A n is bounded, so that the 
series is convergent. 

Next suppose that k< 0. Then we can find N such 
that, whenever n^N, 

1 a„ 




that is, 


In particular, 


K a, 


K 


a n41 t bn+1' 


UR y 

a iy+i> *a'+i> 

a V+ 2 > r—^ &if+ 2 > Sv+ 2 > 

t>N+l t>N 


1 

a N+m'> r— uN+m’ 

ON 

The result then follows from Theorem 19 since Sb n is 
properly divergent. 

It is clear that in cases when lim i 


Ms. 


/i j_\ 

\^n a n41 i-rl/ 

e convergent if 
>0 and will be properly divergent if 


does not exist the series Sa n will be convergent if 
o„ 1 \ 

1 fl »+l ^71+1/ 

7 1 “<* 1 \ 
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It should also be noted that the Ratio test corresponds 
to the particular case b„ — I, (n — 1, 2, ...) of Theorem 24. 


30. Raabe’s Test. 

Theorem 25. Suppose that a n > 

2s- = i+Z+ 0 

«n+l «. 


0 and that, as 



Then Sa n is convergent or properly divergent according as 
<r> I or c< 1. 

From the. hypothesis 

lim in —— {n+l)\ = o—1, 

( a »+i J 

so that the result follows from Theorem 24 on writing 
k — a— 1, b n = nr 1 , (n = 1, 2, ...). 


Example .—Examine for convergence the series 


“ 1.3.5..,(2)i—l) 1 

n= l 2.4.6...2b ' n 

For this series 


a n = (2»+2)(»+l) 
<J»+i (2n+l)n 


2)i 2 +4«+2 

2n 3 +« 


1+ 2i + ° 



and it follows at once from Raabe’s test that the series is 
convergent. 

It should he noted that in this case the Ratio test gives 
no information. 


31. Gauss’s Test. We have seen that Raabe’s test 
gives no information when a = 1. Gauss’s test is a slight 
modification of Raabe’s test which usually enables us to 
settle the case a = 1 without having recourse to a separate 
argument. We require first a further deduction from 
Theorem 24. 
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Theobem 26. If a n > 0 and if 

_ i j 1 i 

a„ +1 ~ r n ^ n log n 

then Sa n is convergent or properly divergent according as 
lim r n is greater than or less than unity. 

Put h n — —( n =2, 3,...) in Theorem 24. Then 
n log n 


1 

hn a n+\ 


~ = n log n ~ -(»+l) log (n+1) 

°n+1 a n+l 

= "n-l. 


say. The series Za^ will be convergent or properly diver¬ 
gent according as lim w n is greater than or less than unity. 
The last identity may also be written 


a n . n+_ 1 log (w+1) w n -l 
a. n+ j n log n ^ n log n 



and from this the result follows. 


Theobem 27. If a„>0 and if 

— = 1 +-+o(-sTi S>0, 

a n+l n \» 6+1 

then Sa n converges if cr> 1 and is properly divergent ifa^.1. 
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From the hypothesis 


% 

a nH 


1 + 1 +° 



so that, by Raabc’s test, the series is convergent for a>l 
and properly divergent for a< 1. When a = 1 

= . r { log n ) 

a n+1 ’" r «, n log n 

- 1 — - + -^~ 
m n log n 


so that 2a n is properly divergent by Theorem 26. 


Example. Examine for convergence the series 
, , «.jS , o(a + l)W + l) , 

1+ — y + l . 2 . y(y -hD . 

where a, 8, y aro neither zero nor negative integers. 

Clearly the terms of this series are ultimately of the same 
sign. For convenience we denote the first term of the series 
by a 0 instead of by a t . We then have 


a n+l 


(nH-l)(y+») _ » ! + (y + l)ft-ry 


l | y+1— a—p 
n 



Thus the series is convergent if y>a+j9 and is properly 
divergent if y<a+^. 

When, a is replaced by —a and /? = y, the above series 
becomes 


that is, the binomial series when x = — 1. Our argument 
shows that it is convergent when n>0 and properly divergent 
when a<0. When a = 0 the series becomes 1+0+0 + ... 
which is convergent. 
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32. Euler’s Constant. We conclude this chapter 
with two very important relations. The first is a direct 


deduction from Theorem 16. If/(.r); 
16 shows that 


, (z>0), Theorem 


1+ | + § + - + ^" lo s ra 

tends to a limit y which is such that 0<y^l. This number 
y is called Euler’s constant and its value is 0-67721666... 
The following rather less precise result is an obvious 
corollary: 


ZV-i, 

r-1 


Example.- 
Evaluate E 


Since 


»=1 »(2« + l) 
1 1 


j log n. 


■ we have for this series 


m(2»+1) n 2n+ 1 
r 1 1\ „ /I 1 1 \ 

= ( 1+ 2 + - + ») ~ 2 (8 + 5 + - + aS+i) 


; 2 — - 


2n+l 


+ { 1+ l + - +1 n)~ i [ 1 + l + - + sil) 
:3 ~^Ti +2 ( 1+ i + "- + 3 _2 ( 1+ 5 + § + '" + i) 

— 2+0 +2{log w+y+o(l)} —2{log 2?i+y+o(l)} 


= 2-2 log 2+o(l). 
Hence 


»fl»(2«+l) 


2-2 log 2. 


33. Stirling’s Approximation £or n\ We shall now 
prove that, as n-¥ oo, 

n\ ~ \Z(2-rr) n n+ h~ n . 
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Pollen Analysis 


tnlete it is customary to speak, just as in monocolpate poUen grains 
of their distal and their proximal part, of therr shape m lateral (ap.cal 
or transverse) view, etc. (compare textfig. 4: 1XJ. 

Xot only spores but also pollen grams may be tnlete Some pollen 
grains U.i.mTrafa mtans) may, at a certain stage of development, 
Dresent a triradiate scar, which later disappears. But, on the other 
hand some pollen grains (especially among the ptendosperms and 
possibly also among other classes of extinct spermatophytes) were 
provided with a permanent triradiate scar and did not develop any 
colpae at all. For this reason, it is impossible in many cases — at 
least at the present stage of our knowledge to decide whether a 
spore sensu lat. is a pollen grain or a spore sensu str. 

It should also be emphasized that it sometimes, particularly when 
dealing with old and poorly preserved material, may be difficult to 
make a distinction between monocolpate pollen grains and monolete 
spores, or to decide whether a certain grain be a pollen of Nuphar- 
type (fig. 257, pl . XV) or a spore of the Dryopteris thelypteris-type 
(fig. 482, pl . XXVIII), or again if it be a palm or a lily pollen grain 
with a three-slit opening or a fern spore with a triradiate scar (com¬ 
pare textfigs. 4: VII and 3: III). 

When quoting the dimensions of pollen grains and spores, all pos¬ 
sibility that may lead to a misinterpretation must be avoided. In 
radiosymmetrical grains, the size is expressed simply by quoting the 
length of the polar axis and the equatorial diameter. In monocolpate 
grains, on the other hand, the length may be expressed as the distance 
between the extreme points of a central longitudinal section running in 
the same direction as the colpa (furrow). The maximum breadth is 
usually equal to the distance between the extreme points of a central 
transversal section through the grain or spore. When speaking of 
winged conifer pollen grains, a special terminology should be used. 
The width of a fully expanded grain (a figure which, incidentally, usu¬ 
ally does not seem to be of much diagnostic value) may be defined as 


the distance between the extreme parts of the two opposite wings. The 
width of the body (i.e. the distance between the two points where the 
proximal root of the bladders meet the body) is more reliable as a diag¬ 
nostic character. The breadth of the body and wings can only be meas¬ 
ured in grains in polar view. Their height is measured in grains in end 
view with both bladders fully exposed. The height of the body is identi¬ 
cal with the length of the polar axis, while the height of the bladder is 
identical with the length of a perpendicular line stretching from the con¬ 
vex extremity of the bladder to the endexinous floor constituted by the 
body. Both figures are of minor importance. Several measurements 
concerning winged conifer pollens hitherto published are of no value 
since there are no precise descriptions regarding the way the actual 
measurements were made. 


The process of the measurement of pollen grains under the micro¬ 
scope will not be dealt with here. However, attention may be drawn 
to a method of measuring without the aid of a microscope (Kohler 
J 933 > PP- I 5 ~ 22 ! C I • also Mecke 1920). Its value in calculating the 
size of pollen grains and spores is not as yet thoroughly tested. It 
seems to be particularly suitable in dealing with very small, isodiamet- 
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We have 

log v = J log v dt = J log (v-H )<&—J log^l+^j 


eft 


whence 
log 


-Eh 1 , “~i! log ( 1+ ») -J>(» 0* 


n f#+i ri (n / ti\\ 

(n\) = Z log v = log**— 21 log 1- -A\-dt. 

»=i Ji JoU-i \ ) 

» / ;a\ 

The series 21—log 1-—behaves, for 0<^£, like 
»=i \ v / 

00 

the series H-j-l/v 3 ; that is, it is convergent. Its sum 

V—l 

(see Art. 53) is —log Hence 

log (w!) =J' log tdt—J log dt 


+ 


K)}* 

= T x (n)+T t (n)+T a (n), 
say. ISfow 

Ti(n) = [l log t —ij = (n+\) log (ra+|)—ra+| log 2, 

2a( w ) = i l°g w— J, 
and 

/('-?>))}■“ 
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Collecting these results we obtain 
log (re!) = !»+ 1 j log n+ |»+ ^ log |l + 


(« + |) log 


— % —•1' ••■(“ \ log 2tt ~|~ 0 
n —»+J log 2 tt+0 ^ 


G 


from which the result follows. 

Although the result stated at the beginning of the 
article is sufficient for most applications it .should be noted 
that we have really obtained something more precise. We 
have in fact proved that, as n->co, 


»! 


\/(2 ■7r)re’ i+ ie" 


!i +o(z)\- 


Examples 

1. If Ea n converges to the sum a, prove that log n 

where 


K — ~ (ai+«2+. 
n 


2. If a„~a»P, (p> — 1), prove that A n , 

3. Prove that, if p<l, 


araP + 1 
P + 1 


(re+l)P + (n+2)P + "' + (2 n)P' 

4 . Prove that, as n->co, 


21-P-l 


«l -P. 




2 log 2 3 log 3 


+ ...+ 


1 


n log n 


■ log (log n) 


tends to a definite limit. Deduce that, if p is a positive 
integer, 
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5. Examine for convergence the series 

(i) 2 -ji—, (ii) 2°^^-, (iii) 2 -i-, (iv) 2- — -. 
« a +a 8 a+bn 2 n VJ r a K y 2 n +x 


(v) 2e~n'x, (vi) 2- 


(vii) 2 


Vn+V(n+l)’ “ V(2n 3 + 1)’ 

(viii) 2 J(—), (ix) £ 

AfWir 1 


( x ) {\/(n 2 +n + l )—-v / (' nS—n + l)}> 


(xi) X - {V(n + 1)-V(»-1)}, 


(xii) I? 

n = 2 (log n) a - 


(xiii) 2 - 


(xvi) 2 


(xiv) r —, 
n! 


n! 


(XV) Z 

vxvii) E 


(n<y~ 

(2m)! " ’ 
a(a + l)...(a+n —1) 


®(.r + l)...(.r~+n — 1)’ 

(xxi) S {nlog !2±| — 1!, 

(xxiii) 2 — /l + — +... + — 
n a \ ' 2 a ' ' n a I 


(xx) 2 


n, 

n Jn 
(xxii) 2 ^sin ^ j, 


(xxiv) * (s£i) 


(xxv) 2 


(xxvi) 2 


(xxviii) 2 


=2 (log n ) lo = 
1 


n=2(l0g>i) 2n ’ 

(xxvii) 2 , , 1 , 

K = 3(l°glog») logn 


(xxx) E ■[ 1 + 
n=2 l 

(xxxi) 


=3 (log n) lo g l0 s w 


/, 


(xxix) 2 


I.3.B—2W—1 1 

2.4.6....2 n n a ’ 


1 1 -7i a 

off 


n (log n)‘ 


, «(« + l)—(a+n-l)^+l)...((!-f-»-l)y(y+l)...(y+fl-l) 
1.2.. .n 8(8 + 1).., (8+n-l)£{f+l)... (5+n-l) 
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fi. If a n 

prove that 


. 9 . + 'a. 


1 


1 


3n —2 ‘in— 1 3n 


: i log n 4-log 3+Jy+o(l). 


7, Show that 

1 


— 2 log 2 — 1 and that £ -J>- log 2. 

n-i TO (4n a — 1) t , o n-\-r 

8. If = 1+ i +...+ prove that 

(>) 1 j4 a '»5gJjH-( l) n , (h) >-1. 

9. Provo that 

[ n— r-f-1 


X- 
r—l r 

[Use Example 13, p. 35.] 

10. Prove that 

n -\-1 


' log (»!). 


(i) lim 


(»!) 1 


( .. )lim «,+!)(n+2).,(n+n)}»- 

[Use Theorem 23.] 

11. Prove that 


lim - [{n 2 +l a )(» 4 +2 2 ) 2 ...(ra ! +n s )’>]lM'= 2/y«. 


Ahswers. 5. (i) Convergent; (ii) properly divergent; 
(iii) convergent if p>l, properly divergent if J>^1 ; (iv) con¬ 
vergent ; (v) convergent if x>0, properly divergent if k< 0 ; 
(vi) properly divergent; (vii) properly divergent; (viii) 
convergent; (ix) properly divergent; (x) properly divergent; 
(xi) convergent; (xii) properly divergent; (xiii) convergent; 
(xiv) properly divergent; (xv) convergent if |a|<2, properly 
divergent if |ic|>2 ; (xvi) convergent if x>2, properly diver¬ 
gent if a;<2, zero and negative integral values being excluded ; 
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(xvii) convergent; (xviii) convergent if p—a>2, properly 
divergent if zero and negative integral values of 

a and ,8 being excluded ; (xix) convergent if a >2, properly 
divergent if as?12 ; (xx) properly divergent; (xxi) properly 
divergent; (xxii) convergent if a>l, properly divergent when 
a<l, provided that xjtO ; (xxiii) convergent if <x>l, properly 
divergent if a< 1 ; (xxiv) convergent; (xxv) convergent; 
(xxvi) convergent; (xxvii) convergent; (xxviii) properly 
divergent; (xxix) convergent if a>£, properly divergent if 
; (xxx } convergent if a>l, properly divergent if a<l, 
while, if a = 1, convergent for A < —-1, properly divergent for 
—1 ; (xxxi) convergent if 8+f —a — fl~ y>0, otherwise 
properly divergent, the constants being such that none of 
the factors vanishes. 
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GENERAL SERIES 

34. Real Series. We turn now from the special ease 
of series whoso terms are all of the same sign to series 
whose terms may bo real and of either sign and to series 
whose terms may be complex. We consider first real series. 

35. Absolute Convergence. Before defining what 
we mean by absolute convergence we prove the following 
theorem. 

Theorem 28. If the series 27 k| is convergent, then so 
is the series Ea n . 

Let u n = a n , (a„>0) , v n = -a n , (a„<0), 

= 0, (o*<0) 1 =0, 0). 

Then clearly w„>0, and 

Kl ~ ‘U'n~\~Vn > &n ~ 

From the first of these relations it follows that 

« K <k! >««<kl- 

Since .Ski is convergent, both Eu n and Ev n are convergent 
by Theorem 18. Hence, by Theorem 10, E(u n —v n ) is 
convergent; that is, Ea n is convergent, 

• The proper divergence of E\a n \ does not imply the 
divergence of Ea n . For example, if a n — (—we 

CO 00 

have seen that E\a n \ is properly divergent, whereas Ea n 

n~l n=1 

converges to the sum log 2. 

If Ea n is a series such that E\a n [ is convergent, then 

58 
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we say that 2a n is absolutely convergent. Theorem 28, 
therefore, merely states that every absolutely convergent 
series is necessarily convergent. From the definition it is 
perhaps reasonable to expect that absolutely convergent 
series should possess many of the properties of series whose 
terms are non-negative. We have an instance of this in 
the following theorem. 

Theorem 29. If 2a n is an absolutely convergent series 
and if Zb n is a series whose terms are those of 2a n in a different 
order then 2b n is absolutely convergent and the sums of the 
two series are the same. 

Define u n and v„ as in Theorem 28 and let v n ' he 
defined in a similar way for the series 2b n . Since 2a n 
is absolutely convergent the series 2u n and 2v n are con¬ 
vergent series of non-negative terms. It is clear that 
2u n ’ and 2v n ' are formed from 2u n and 2v n respectively 
simply by an alteration in the order of the terms. Hence, 
by Theorem 14, 2u n ' and 2vf converge respectively to 
the sums of the series 2u n and 2v n . Thus 2b n = 2{u n '—v n ') 
is convergent to the sum of the series 2(u n —v n ) = 2a n . 

The absolute convergence of 2b n follows at once from 
Theorem 14 since 2\a n \ is convergent. 

36. Tests lor Absolute Convergence. The question 
of examining whether or not a series 2a n is absolutely 
convergent resolves itself into testing for convergence the 
series of non-negative terms 2?|a Ji |. This may he done by 
making use of the tests given in Chapter IV. It should 
be observed, however, that if 

lim >1 or lim^|a B |>l, 

\ a n\ 

the series 2a n is not merely not absolutely convergent but 
is in fact divergent. This follows from the fact that each 
of the above conditions implies that a„-M), so that the 
necessary condition, a n -+ 0, for the convergence of the 
series 2a n is not satisfied. 
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The aeries l—|+J—... is convergent but not absolutely 
convergent since the series 1 + I+J+... is not convergent. 
A series which is convergent but not absolutely convergent 
is said to be conditionally convergent. 


Kmnvple. Examine the convergence of the series 
00 

Jj{log(w + I) } a .r n . 

71 " : 1 


Far this sorios wo have 


KhI = f log (»+2) | g 

Kl flog («,+i)|' 


M-H-4 


Thus the series is absolutely convergent for — l<;c< 1 and 
divergent for tc>l and for x< —1. When * = 1 the series 
is properly divergent. When * = — 1 and a>0 tho series is 
divergent sinco its ftth term does not tend to zero. When 
x ~ — 1 and a< 0 the series may be shown to be conditionally 
convergent (see Theorem 32 below). 


37. Conditional Convergence. We now consider 
real series which are convergent but not absolutely con¬ 
vergent. We shall obtain tests for the convergence of 
such series which are of wide application. First we prove 
a subsidiary lemma. 

Lemma. If b n is a positive, monotonic decreasing 
function and if A n is bounded, then the series 2A n (b„—b n+1 ) 
is absolutely convergent. 

Suppose that \A n \<K. Then 

E\A n (b n —b n+1 )\ = 2\A n \(b n — 6 n+1 ) 

v—i v—i 

^K2(b n -b n+1 ) 

= X(h-b N+1 ) 

<Kb v 

The result follows from Theorem 3. 



GENERAL SERIES 


61 


Theorem 30 ( Abel’s Test). If b n is a positive, monotonic 
decreasing function and if Ea n is convergent, then Ea n b n is 
also convergent. 

n 

Write c n — a n b n , G n = Ec v . Then 

V = 1 

— hfi+A^b^—, &*)+...+-^n-l(&»-l~ bf)-\-AJ> n , 

so that 

C n -AJ> n =2 A,(b v -b v+ 1) (1). 

Since Ea n is convergent A n tends to a finite limit. 
The conditions of the lemma are therefore satisfied so that 
the series on the right of (1) is convergent. Moreover, 
by Theorem 3, b n tends to a finite limit. Hence G n tends 
to a finite limit; that is, the series Ea n b. n is convergent. 

Theorem 31 (Dirichlet’s Test). If b n is a positive, 
monotonic decreasing function with limit zero, and if, for 
the series Ea n , is bounded, then the series Ea n b n is 
convergent. 

Using the notation of Theorem 30 we see from the 
lemma and relation (1) that lim (C n —A n b n ) is again finite. 
Now lim A n b n = 0 since A n is bounded and b n ~* 0. Thus 
lim G n is finite and the series Ea n b n is convergent. 

The ease a n —'(— l)" -1 of Theorem 31 is of considerable 
importance. We obtain 

Theorem 32. If b n is positive and monotonic decreasing 
with limit zero, then the series 6 2 +6 3 —... is convergent. 

In other words, in the case of a series whose terms 
alternate in sign and steadily diminish in magnitude, a 
necessary and sufficient condition for convergence is that 
its jith term should tend to zero. For example, the series 
E(— l) n »- a , E{— l^log (»+l)}- a are convergent for a>0, 
and divergent for a<0. 
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Example. Examine for convergences the series 
£n~ a sin nB, 2n~ a cos nB. 

For the series £ sin nB, where B is neither zero nor a 
multiple of 2w, we have proved (see Art. 19) that A n is a 
bounded function of n. By Theorem 31, therefore, the series 
£n~ a sin nB and, in a similar way, the series £n~ a cos nd, are 
convergent for a>0 and for all values of B except zero or a 
multiple of 2jr. For such values of 6 both aeries diverge for 
a=gO since their nth terms do not tend to zero. When B is a 
multiple of 2ir the first sorios is a series of zeros and so con¬ 
verges for every value of a. The second, however, reduces 
to £n~ a which is only convergent when a>l. 

38. RiemamTs Theorem. This theorem, though not 
of practical importance, is of considerable theoretical 
interest. 

Theorem 33. By an appropriate rearrangement of the 
terms of a conditionally convergent series Sa n we can make 
it converge to any given number a. 

Write 

6 rc = a n , (a n >0), 6„= 0, (a„<0), 
c»= «„ , K<0) ,c„= 0 , (a n > 0). 

Then 

^n~b n -^c n , \a n \ — b n c n . 

n 

Let A n * = D|a r J. Then, with our usual notation, 

r =1 

B n = \{A n +A*) , C n = i {A n -A n *). 

Now A n tends to a finite limit and A n * tends to infinity, 
so that Sb n is a properly divergent series of non-negative 
terms and Sc n is a properly divergent series of non-positive 
terms. 

We now form a new series Zu n in the following way. 

«, 

Let % be the least integer such that Sb r >o and define 

r—l 

u r to be 6 , for r = 1 , 2, ..., n v Let n 2 be the least integer 
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Wi « 2 

such that 2b r +2c r <<r, and define u n +r to be c r for r — 1, 
2, » 2 . Now take n 3 terms of the series 2b n , 

«i+»j n, 

where n 3 is just large enough to make 2b r +2c r >a, and 

r =1 

define u, h+ „ s+r to be b r for r — %+l, %+2, 

n 

%+%> an d so on. If TJ n = 2u r we see that 

r=l 

L Tli 3>cr. (J n ^, L <[_o^ ... 

and that 

WmJ > I ^n^rn. 0 ’! < t V,. |T r., 

When » lies between Jij and %+Jia, I7 M — a lies between 
^ % +m a —'cr and U ni —a so that |t/„—cr| is not greater than 

Since the series 2a n is convergent, given e, we can 
find N = IV(e) such that [a r ,|<4e whenever n>N. Let n 
be any integer greater than both N and n v Then we 
can find an integer 1(> 1) such that 

%+W 2 + +Wj^»<?l 1 +» 2 + ... +»j+K i+1 

and 

<e. 

Hence the series Eu n converges to the sum a. The series 
Eu n contains, besides the terms of the series Ea n , an infinite 
number of zero terms. It is clear, however, that the series 
Zv n , which is obtained from 2u n by omitting those zeros 
which do not occur in the original series 2a n , is also 
convergent to the sum o-. 

The above proof may be modified to show that, by a 
suitable rearrangement of the terms, a conditionally 
convergent series may be made to be properly divergent 
or to oscillate finitely or infinitely. 

39. Complex Limits. Let U n he a complex function 
of the real variable n. Then we say that U n tends to the 
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limit u aa n tends to infinity if, given «, wo can find 
N ■ N(e) sucli t.hat * \U n u |•.;< whenever n>N. Suppose 
that U n ~ A n -\-iB n ami that, u a-Hfi. 

Then f/„-« A n a-j i(B n ~f}) 

an<1 

It follows that, to say (hat U n ■ A n +iB„ tends to the 
limit a-\-i)3 is tho same as saying that A n ->a and B n ~>fi. 

It is easy to see that tho proofs of tho fundamental 
limit theorems can bo modified so aa to apply to tho case 
of complex functions. Moreover, Theorem 0 remains true, 
the proof of tho necessity of tho condition being as before. 
For tho sufficiency of tho condition wo noto that, if we 
write U n = A„+iB n , then \A ni . v —A n \ and \B n+ „— B n \, 
being each loss than U,,\, are less than e whenever 

n>N and for all values of p. It follows that A n and B n 
each tend to finite limits and hence that 17„ tends to a 
definite limit. 

40. Series whose Terras may be Complex. Let 
Eu„ be a series, some or all of whose terms are complex. 

n 

If XJ n = Eu r , then the series is said to converge or diverge 

?=i 

according as TJ n tends to a definite limit or not. The series 
is said to be absolutely convergent if E\u n \ is convergent. 

Let w n = a n -\-ib n . The preceding article shows that 
to discuss the convergence of the series Eu n is the same 
as discussing the convergence of the two real series Ea„ 
and Eb n . Thus all the theorems which we have proved 
for real series have straightforward analogues in the case 
of complex series. In particular, an absolutely convergent 
complex series may have its terms rearranged without 

* If z = x+iy is a complex number, then |z| = (x‘+y 1 ) i - 
If Zj, z. are any two complex numbers, then, < zf + ]te 

and, what is in reality the same inequality, |z!±z 2 | >W\~ W- <?/• 
Phillips, Functions of a Complex Variable, § 2. 
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affecting its convergence or its sum. Since complex 
series do not differ materially from a pair of real series, 
we shall assume throughout the remainder of the book 
that, unless otherwise stated, all the series with which we 
deal are real series. 

41. Abel’s Lemma. We conclude this chapter by 
proving a theorem of considerable importance. 

Theorem 34. If b. n is a positive monotonic decreas¬ 
ing sequence and if h(m, n), H(m, n) denote respectively 

V 

the least and greatest values of the sums Sa r for v = m. 

v—m 

m-fl, •••, n, then 

n 

b m h(m, n)^.Za r b r ^.b m H(m, n). 


Let /(to, v) = Sa T . Then 

r—m 

n 

2a r b r = a m b m +a m+1 b. m +i J r ...-{-a n b 7l 
r=m 

— f( m > m)b m +{f(m, m+1 )-/(m, m)}b m+l +... 

n)-f(m, n-l)}b n 

=/(to, m)(b m -b m+1 )+f(m, rn+l)(b m+1 -b m+z ) + ... 

+f(m, n— 1)(5 k _ 1 -6 m )+/(«i ; n)b n . 

Now b. m —b m j t . 1 , b m+1 -b m+2 , ... are all non-negative. 

Hence h(m, n){b m ... b n -\-bf] 

n 

r=ni 

n)(b m -~b m+l + ... -b n +b n ) 

from which the result follows. 

The enunciation of the theorem may be modified in 
the following way in order to cover the case when a n 
may be complex. 

E 
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If h„ it a 'positive. monoUmie decreasing sequence and if 
K(m,n) denotes the targe-4 of the sums |Zto,,| for v~m 

r m 

«H-1» », then 

1 Sa,}> r \-0 m K{ni, n). 

r •-* m 


Emmpte. Show that, for each fixed value of 0 which is 
not Kero or a multiple of 2jr, 


con nd | cos (•»,-!-1)(? | i cos 2 nO 
log n log (»-(-!) * log 2n 



By Abel’s lemma the absolute value of the left-hand side 
is not greater than 


1 

log n ' 


K{n, 2■».), 


where K(n, 2 n) is the largest of the sums 

|eos rafl+eos (n-)-l)S-f...+ e,os (»+v)0| 

for v = 0, 1, 2, Clearly K(n, 2n)s51/|,sin -|0| so that the 
result follows. 


Examples 

1. If ct„ and b„ are real and if tho series Sa„-, Sb „ s are 
convergent, show that the sories Sa n b n is absolutely convergent. 

2. Determine for what valuos of x each of the following 
series is (a) absolutely convergent, (6) convergent :— 


(i) 2 
(Lv) 2 


n+3 


(n + l)(n + 2) 
(2m —1) 7 ‘ 


\/n ’ 


x'\ 

!v) 2 (-1)” 


n\ 

(U) % 77TT 
(2^)! 


< ,h > * S 


(nx)"' 


(vi) 2 


r 


(vii) 2 ^ l0g2 ^’ < viii ) Z"~ X ’ (*) 2 (log*)” log 


n + 1 


3. For what values of x are the following series convergent ? 


(i) 2 


■\/n ’ 


(ii) £ 


log n ’ 


(iii) 2 cos nx sin 

n 
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4. Prove that the series 

is divergent, while the series 

144—| +i+ 5 — l+'T+l—S+ • ■ • 

converges to the sum log 3. 

5. Discuss the convergence of the series 

| J!±L*. 

11=0 ra(re+l)(n+2) 
and find its sum when x = 1. 

(i. Prove that the series 
, 111,11 1 
3 A 2 a 7 a (4re—3 ) a 


+ 


1 


(4»—1) A (2») A 


is properly divergent for A<1 and convergent for A>1. 
Show that when A = 1 the sum of the series is log (2-^/2). 


Answers. 2. (i) (a) |a-J < 1, (6) x— — 1 ; (ii) (a) all values 
ofs; (iii) (a) |,r|<4; (iv) (a) 0<--e< 1, (6) x — 0; (v) (a) 
it^O; (vi) («) |.t|< 1 ; (vii) («.) |x|<l, (b) x = — l ; (viii) (a) 
|,r]<l ; (ix) (a) l/e<x<e, (b) x — 1/e. 3. (i) x^2kir, where 
k =0, ±1, ±2, . . . . ; (ii) all values of x; (iii) x ^2kn, 

where h — ±1, ±2,. 5. Series converges absolutely if 

21 . 
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SERIES OF FUNCTIONS 

42. Uniform Convergence. Suppose that A n {x) is a 
function of the integral variable n and of the continuous 
variable x which is defined for all positive integral values 
of n and for all values of x in the interval Suppose 

further that, for each value of x in the interval {a, b), the 
function AJx) tends to a definite limit as n-> oo. This 
limit will be a function of x which we shall denote by 
a(x). From the definition of a limit it follows that, given 
e, we can determine a positive integer N such that 
ja(z)—whenever n>N. As a rule this integer 
N, besides depending on e, will also depend on x. If, 
however, it is possible, for any given e, to determine 
an integer N, which is independent, of x, such that 
|a(a))— J. n (a)|<€ whenever n>N, then we say that, as 
oo, the function A n (x) tends uniformly or converges 
uniformly to a(x) for a 

To illustrate these points consider the function 

A„(x) — x n , 

Given «(<1) we have |4 K (a;)|<€ if x n <e; that is, if 
»>(log€/log»). Hence if we take N to be [loge/logz], 
we shall have ji„(a;)|<e whenever n>N. Of all the 
values of N corresponding to the various values of x 
the largest is [loge/logf]. Thus, for all values of x 
in the interval (0, |) we can write |A re (a:)|<e whenever 
»>[loge/log|]. We therefore conclude that, as »->oo, 
A n [x) tends uniformly to zero. 

08 
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Again, if 

A n (x) = x n , (0<*<1), 

= 0, [x = 1), 

then |A„(a;)|<e if w>[loge/loga;]. In this case the 
function [loge/loga;] has no largest value for the various 
values of x under consideration and, although A n (x) tends 
to zero for each value of x, it does not tend uniformly to 
zero. 

In the light of these examples we may therefore rewrite 
our definition of uniform convergence as follows. If, for a 
certain range of values of x, given e, we can find N —N(e,x) 
such that \a(x)—A n {x)\<e whenever n>N, then A n (x) 
converges uniformly or not to a(x) according as N(e, x) 
is a hounded or an unbounded function of x. 

Although we have defined uniform convergence with 
reference to a finite closed interval a^x^b it is clearly 
unnecessary for x to he so restricted. The definition remains 
essentially unaltered for intervals such as a<x<b, x^a, 
etc. It also applies to cases when x may take any infinite 
set of values. For example, we may speak of the function 
A n (M) converging uniformly for all positive integral 
values of M. 

43. Series oi Functions. Let a n (x) be a function of n 
and x defined for all positive integral values of n and for 

n 

a^.xt0 and let AJx) = 2a r {x). The series £a n (x), if 

r=l 

convergent, will have a sum a[x) = lim A„(x), which will 

71-9-CO 

necessarily he a function of x. The series is said to* 
converge uniformly to the sum a(x) for a^-x^Jb if 
A n (x) tends uniformly to a(x) for 

The fundamental theorem for the uniform convergence 
of a series may be stated as follows : 

Theorem 35. A necessary, and sufficient condition for 
the series Sa n {x) to be uniformly convergent for is 
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that , f/wen <?, we find N N(e) suck that | JCfr r (»;) | < € 

r -H + l 

whenever n>N and for any positive integral value of p. 

The condition is necessary for, if Ea n {x) is uniformly 
convergent for «<*sg6, there is a function a(x) with the 
property that, given «, we can find N K(e) such that, 
for n>N and all values of a- in (a, b), 

\a(x)-A„(x)\<le. 

It follows that, for such a value of n and any positive 
integral value of p, 

k. 

Thus, for a^.%=0, n>N and any positive integral value 

°h>, 

I 2 a r (x )I = \A n+ »{x)~A n {x) I 

r-wftH-1 

cl ( x ) | -f" |ct(a?) A u {x) | 

< <=. 

To show that the condition is sufficient we observe 
that, if the condition is satisfied, wc have, for a^x^b, 

A n {x)~-e<A n+JI (x)<A n {x) + e, 

where n is any fixed integer greater than N. Now, for 
each value of x, the series Ea n (x) is convergent by 
Theorem 7 ; that is, A n+ „(x) tends to a definite limit a{x), 
say, as p tends to infinity. We then have, for n>N 
and a^xc^b, 

that is, the series Ea n (x) converges uniformly to the sum 
a(x). 

44. Tests for Uniform Convergence. We now 
obtain some simple tests for the uniform convergence of 
series. 

Theorem 36. (Weierstrass’s M-test.) If, for a<a:<5 
we have \a n (x) \ ^M n , where the series 2M n is convergent, 
then the series 2a n (x) is uniformly convergent for a^.x^.b. 
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Since the series 2M n is convergent, given e, we can 
find N — N(e) such that, for n>N and any positive 
integral value, of p, 

M .„+! -tM v+ 2 +... + e. 

For all such values of n and p, and for a^x^.b, 

n+p . H-f p n-Yp 

\2 a r (x)\ 2 \a r (x)\ sg 2 M n <e. 

r == >f 4-1. f 4_1 


The uniform convergence of the series 2a n (x ) for ari.xrib 
then follows from Theorem 35. 

It is easy to see that the same proof would hold if M n 
were a function of x and if the series 2MJx) were uniformly 
convergent for a^x^b. 


For example, the series S — is uniformly convergent 


for —since, for such values of x, 


}x n 


<4 


and 21 jit 2 is convergent. 

Other and more delicate tests for uniform convergence 
are obtained bv making modifications in Theorems 30 
and 31. 

Theorem 37. If b n (x) is a positive, monotonic decreas¬ 
ing function of n for each value of x in the interval a^x^-b, 
if b n (x) is bounded for all values of n and x concerned, and 
if the series 2a n (x) is uniformly convergent for a^.x^Jb, 
then so also is the series 2a n (x)b n (x). 

Suppose that b n (x)<K for a^x^b and all positive 
integral values of n, where K is independent of x and n. 
Given <r, we can find N = lV(e) such that, for n>N and 
any positive integral value of v, 
n+v 

\2a r [x)\<elK, 
r-n + l 
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By Theorem 34 we then obtain 

M+ P H "f* V 

\Za r (x)b T {x) j ?0 n (x) Max \Za r (x)\ 

r-n+l v-l,2,...p r—n-h 1 

<K . e/K = e. 

The theorem therefore follows. 

For example, the series 2 - ——— |ccj ra is uniformly 

convergent for —since \x\ n is positive, monotonic 
decreasing and bounded for —and the series 
2{~ is convergent. 

Theorem 38. If b n {x) is a positive, monotonic decreasing 
function of n for each value of x in the range a^x^b, if 
b n (x) tends uniformly to zero for a^x^b and if there is a 
number K, independent of x and n, such that, for all integral 
values of n and all values of x in (a, b), 

n 

\2a r (x)\<K, 

r = l 

then the series Za n (x)b n (x) is uniformly convergent for 

Given <=, we can find N = N{e) such that, for n>N 
and all values of x in the range a<x<5, 

0^b H (x)<el2K. 

For such a value of n and any positive integral value of p 
we have, by Abel’s Lemma, 

n+p n-Vv 

\2ct r (x)b r (x) j <6 n (x) Max \2a r (x)\ 

r—n+l v~l,2 } ...p r—n+1 

n n-bv 

< 6. n (x){|iJcu r (x)|+ Max |i7a r (a;)[} 

r—1 j/ —1,2 ,...p r—l 

< ^ (K+K) 

This proves the theorem. 
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For example, the series 27{log (»+l)}~* oosm- is 
uniformly convergent for 0<6 1 <*^$ 2 <2 it. When x 
lies in this range {log (re+1)}' 1 is a positive monotonic 
decreasing function of n. Also, since {log (to+ 1)}~ s < 
{log (»+l)}-& the function {log (»-f l)} - * tends uniformly 
to zero as n-> co. Moreover, in this range, 

\S cos rx|<l/(2 sin |x), 

i-=i 

which in turn is less than or equal to the larger of 
1/(2 sin 1/(2 sin J0 2 ), both of which are independent 
of x and n. The series is therefore uniformly convergent 
in the range stated. It is of course to be understood 
that may be as close to zero and 8 2 as close to 2 ir as 
we please. 

45. Some Properties of Uniformly Convergent 
Series. We turn now to a consideration of the more 
important properties of uniformly convergent series. 

00 

Theorem 39. If the series Sa n (x) is uniformly convergent 

n — 1 

for to the sum a(x) and if, for each value of n, a n (x) 

tends to a limit s n as x~>x 0 , where x Q is some point in the 
range (a, b), then , as x-yx 0 , a(x) tends to the limit a, where a 
00 

is the sum of the series Ss n . 

n =1 

In the first place, we observe that the series 2s n is 
convergent, for, given e v we can find N = N(e-,) such that, 
for n>N and any positive integral value of p, 

f-a n j rP (x)<C€i. 

Let z->x t . Then, for n>N and any positive integral value 
of P, 

—e 1 <s n+ i+^ n+2 +... +s m+!) < <?!• 

The convergence of Zs n then follows from Theorem 6. 
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In the ease of series whose sum can be readily calculated 
this theorem often provides a good negative test for 
uniform convergence. For example, when a n {x) — x n [l—x), 
O^x^l, we have a(x) = 0 for x = 1 , while a(x) = 1 for 
Osghcd. For each value of n, a n (x) is continuous for 
0<;cd, whereas a(x) is not continuous throughout this 
range. It follows that the series cannot be uniformly 
convergent for 

Theorem 41. (Term by term integration.) If the series 


Ua n (x) converges uniformly for a^x^b to the sum a(x) and 

H — 1 

if, for each, value of n, a. n {x) is continuous in this interval, 
oo rx 

then the series S a n (t)dt converges uniformly for a 

n — lJ a 

to the sum a(t)dt 
J it. 


In the first place, it should be observed that all the 
integrals do in fact exist,* since all the functions concerned 
are continuous. 

By hypothesis, given e, we can find N = N(e) such that, 
whenever n>N, 

\a(x)-A n (x)\<ej(b-a). 


For such values of n we then have 



(t)-A n (t)}dt 



The theorem is therefore proved. 

Example. By expanding l/(l+eosfi cosa’) in ascending 
powers of cos 6 cos x prove that, for 0< 8< jr, 

cosec 6 — 1 +£ > V) ' . eos 2 *^. 

2 2 -(v!) 


* See <?., p. 71. 
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Per 0<f /<tt imil all values of :b wo have 

I irj 

--- t . f 1+2(_1 )»oos»Oooh».i:. 

1 -I-COS 0 COS ill „ , 

Tlio series on the right is uniformly convergent for all 
values of x since 

|( —1)“ cos'*# cos ,l .t>[\|cos 0|“, 
anil 2 [cos 0 1" is convergent. Hence 

(TT (lx r/ J TIT 

—--- ir-l-i' (- l)“cos’‘# cos'lnic. 

Jo L-|-cos # cos .i; „ , J u 

Putting l ■■ ■■■ tan i.v this becomes 

C'° idt w „ r & 

—-——— -— jr + 22? cos 3 "# cos 3 ".«fa ; 

Jo *■*(].— cos fl)+(l+cos 6) „-.-l Jo 

that is,* 

^ r tail - 1 { v (iz£ 2 L?\l] a 

sin 6 L l v U+cos 6/ /Jo 


whence, for 0<#<vr, 


l v=al 2v(2v~2)...4.2 J 


» (2v)! 

cosec # = cos 3 "#. 


Theorem 42. (SPera 6j/ iem differentiation.) If the 
series Sajx) converges to the sum a{x) for a^.x^.b, if a n '(x) 
is continuous for a^x^b and if Saf{x) is uniformly con¬ 
vergent for a^x^b, then the sum of the series £af(x) is a'(x). 

Suppose that the sum of the series 2a n '(x ) is o{x). 
By Theorem 41, if x is any point of (o, 6), 

I o(t)tit=2J f a n '(t)dt = Z{a n (x)-a n (a)} 

Ja n=1J a n =1 

= a(x)-—a(a). 


* Soe 67., p. 19. 
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Since u(x) is continuous for a^x^Jj it follows* that a(x) 
can be differentiated and that its derivative is a{x). 

Example. Show that, for — 1 <k<1, 

_1_ 2® 4 x 3 8® 7 t 1 

1-* + i +.r a i+k 4 + T+sT 8 " r "' = w 

The sum to n terms of the series 
log (1 — x) +log (1 +x) +log (1 +x 2 ) +Iog (1 -far 1 )+... 
is equal to 

log {(1 -x )(1 +x )(1 +x *)...(1 +**"-*)} 

= log {(l-.v 2 )(l+.t 2 ).-.(l+* a "- 2 )} 


= log(l-x 2 ’ ! - 1 ) 

~^*o 

3 n-^-co for —1<£C<1. Moreover, for |aj|^p<l, 

I On T 2 n -l I 

^ <2"p 3 "- 1 , 


and the series 22 n p 2n is convergent. Hence the series 
2x 8a: 7 

1+® 2 + 1 +®* + 1 +®* + "' 

is uniformly convergent for |®|</><1 and, by Theorem 42, 
its sum is the derivative of —log (1—a;)—log (1+®); that is 

—h _ . The result required follows at once. 

1—x 1+x 

Neither Theorem 41 nor Theorem 42 has been stated 
in its most general form, but what we have obtained is 
quite general enough to suit most ordinary requirements. 

Example. Show that, for 0<8<2rr, 

CO 1 1 

E - oos vS = —log (2 sin Jfl); E - sin vB = % (it— 6). 

r=l>' -i v 


* See 0., p. 76. 
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Lot z = cos 6~\-i sin 0. Then 

11 

2 x v ~~ i z v 
1 '? x 


sIl-Qns)” 
1 —xz ' 


whence wo have, for |.«|< 1, 

00 

2x»~ l (cos v0-f i sin v8) 

v 


so that 


cos 0~\~i sin 0 
\ ~x cos 8—xl sin 0 
(cos 8—x) + /■ sin 9 
1 —2.^ cos 0-|-.'C a ’ 
cos 8—x 


2*v ~ l cos v& — -—---- 

... i 1 — 2a? cos 6-\~X“ 

_ , . . sin 8 

2xv~ l sin v0 = 
i ] — 2x cos 0+a- 

These series are uniformly convergent for all values of 8 
and for \x |^p< 1- Hence, integrating with respect to x, 
where 0<.r< 1, we have. 

“ a? v cos v8 r x 
E - ~ j __ 

v=l v *'0 i 


* % v sin v8 


cos 8—1 
-2 1 cos 0-+-£ 2 
r x dt 


dt = — | log (1 —2x cos 0-|-:c 2 ), 


dt 


— tan -1 
|^tan~ : 
] tan“ : 


)1— 2t cos 8-\-t i 

jt —cos 

)-x 

1 sin 6 iJ, 

! “0 

!X — cos 8\ 

{ sin 0 / 

-tan - 

(x—cox 6\ 
\ sin 6 1 

+ G 

[x — cos 6\ 

i + ( 

l sin 0 ) 


/ o(2—- cos 0) 2 +sin 2 0 


Suppose that 0 is neither zero nor a multiple of 2 it. Tliou 
00 cos v8 . 

the series 2 - is convergent, and, for x v is 

v ~i v 

positive, monotonie decreasing and bounded. The series 
a^cos v0 

2 --— is therefore uniformly convergent for 0<cc^l. 
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Let Then by Theorem 39 if 6 is neither zero nor a 

multiple of 2n, 

“ 1 

2 - cos vS = — | log (2—2 cos 0) 

^ = 1 ^ 

= -log (2 sin >). (0<B<2tt). 

In the same way we also obtain 

S sip vB = f tan '~ l ( tan i 8) +i*-9, (0< 0< v), 

„ = i v \tan- 1 (tan | 6) + f w— 0, (v< 8<2 tt), 

= $(*■-0), (0< 0< 2tt). 

46. Power Series. The simplest and most important 

OO 

case of a series of functions is the series * 2a n x n . Such a 

?i = 0 

series is called a power series. We shall confine ourselves 
here to a short discussion of power series in the real 
variable x. 

Theorem 43. If Mm fj\a n \ = 1/S then the series 
Za n x n is convergent for |k[<JS and divergent for ja;| >JS. 

For 

Mm f/{\a n \\x\ n ) = |a;| /R, 

n-+co 

whence the series Za n x n is absolutely convergent, and 
therefore convergent, for \x\<R and divergent for |zj>i2. 

If a; is replaced by the complex variable z the same 
proof shows that the series Sa n z n is convergent whenever 
the point z lies within the circle |z| = R and is divergent 
whenever z is outside this circle. For this reason the 
number R (which may be zero or infinity) is called the 
radius of convergence of the power series. For example, 
the series En n x n , 2x n , Sx n ln n have respectively radii of 
convergence equal to 0, 1, oo. 

* Unless otherwise stated it ia to be assumed that the first term 
of the power series Za n x n is a a . 
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Theorem 44. If Us radius of convergence is It the 
power series Sa n x n is uniformly convergent for |a:|<p<jR. 

We have 

k*"l < kip’* 

and 2\a a \p n is convergent. Thus, by Theorem 36, the 
series I!a n x n is uniformly convergent for |.r|<p<,R. 

We at once conclude that a power series may be 
integrated term by term so long as the limits of integration 
lie strictly within the range ( — ft, ft). The radius of 
00 _ 

convergence of the series Enu n x n ~ 1 is l/lim ”/(-»|a.„j), 

n -1 

which is equal to ft since "/«->!. Thus a power series 
may also be differentiated term by term at any point x 
strictly within the range (—ft, ft). 

We now prove an important theorem due to 
Abel. 

Theorem 45. If the radius of convergence of the series 

00 

Sa n x n is ft and if 2a n R n is convergent, then 

n=0 

CO '73 

lim (S a n x n ) = Ha n R n . 

x-+R n ~0 n -0 

The result will follow from Theorem 39 if we show 
that the series 2a n x n is uniformly convergent for 0^a<ft. 
This in turn follows from Theorem 37, since Sa n R n is 
convergent and {xjR) n is a positive, monotonic decreasing 
bounded function of n for 0<*<ft. 

The most important case of the theorem occurs when 
ft = 1. We then obtain 

CO 00 

lim (2a n x n ) = Sa n 

cc~* 1 w «= 0 n «=0 

if the series 2a n is convergent. 

As an illustration, consider the series 1 —t 2 +t 4 ..., 
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Theorem 44, If its radius of convergence is R the 
power series Za n x n is uniformly convergent for |*|<p<jR. 

Wa have 

lv“l < K\p n 

and E\a, n \p n is convergent. Tims, by Theorem 30, the 
series Za„x n is uniformly convergent for 

We at once conclude that a power series may bo 
integrated term by term so long as the limits of integration 
lie strictly within the range (--.ft, 11). The radius of 

CO _ 

convergence of the series En<i n x n ~ l is 1/lim 'lj(n\a n \), 

n I 

which is equal to R since "/%->!. Thus a power series 
may also be differentiated term by term at any point x 
strictly within the range (—It, R). 

We now prove an important theorem due to 
Abel. 

Theorem 45. If the radius of convergence of the series 

CO 

£a n x n is R and if 2a n R n is convergent , then 
n=o 

CO CO 

lim (S a n x n ) = 2a n R n . 

X-+R n — 0 rt ~ 0 

The result will follow from Theorem 39 if we show 
that the series 2a n x n is uniformly convergent for 0 
This in turn follows from Theorem 37, since 2a n R n is 
convergent and (x/R) n is a positive, monotonic decreasing 
bounded function of n for 0 

The most important case of the theorem occurs when 
R — 1. We then, obtain 

CO CO 

lim (Sa n x n ) = Za n 

3~»1 «*=0 n=0 

if the series Za n is convergent. 

As an illustration, consider the series 1— 
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whose sum for |i|<l is (1+i 2 )- 1 . Integrating term by 
term we have, for 


tan -1 x 

Let £-»l. Then 


-L 


dt x? x 5 

1+P ~ X ~3 ^5 


- = 1 — 1 . 
4 3 


which gives Gregory’s series for tt. 
The binomial series 


has unit radius of convergence and its sum, for — 1 <x< 1, 
is (l+a:)A. We shall now examine this series in the oases 
x — —1 and x = 1. 

Writing — x for x we obtain, for — 1<x<1, 

{\-xf = 

1 .It 


When x = 1 the series on the right (see Art. 31) converges 
for A>0 and diverges for A<0. Its sum for A>0 is zero 
by Theorem 45 and when A = 0 its sum is obviously unity. 
It follows that, when x = —1, the original series is 
convergent to the sum zero for A>0, is convergent to the 
sum 1 when A = 0 and is divergent when A<0. 

When x = 1 the binomial series becomes 


1 + j + 


A(A-l) 

1.2 


CO 

Denoting it by Ua n we have 
n = 0 


„ , («■—A—l)(m—A—2)...(1—A)(—A) 

j 1.2...» 


If A <—1, \a n | > 1 so that the series is divergent. If A> — 1 

F 
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the terms of the series ultimately alternate in sign and 
\a n \ steadily decreases. The convergence of the series 
therefore depends on whether or not a n -> 0. Writing 
p = fA], and remembering that 1— x<e~ x , (x>0), we have 



== £){,j-"(X+l ) (l -I ...+ ;)} 

— 0{e ""J 


= 0 ( 1 ), 

when A > — 1. The series therefore converges when 
A > —1 and its sum, by Theorem 45, is 2\ 

The example just considered shows that it is not true 
to assert that if the series Ea n x n converges for —1<*<1 
and if lim (£a n x n ) is finite then the series converges at the 

31-4-1 

point x — 1. That this converse of Theorem 45 is false 
follows from the fact that, for all values of A, 
as a:->l, whereas the binomial series at x — 1 is only 
convergent for A > —1. 

We conclude this chapter by proving a theorem of 
considerable theoretical interest. 

Theorem 46. Every power series is the Maclaurin 
series of its sum function. 

CO 

Let a(a) = Ea n x n . Then a(x) is defined for all values 

n —0 

of x inside the range (— R, R), where R is the radius of 
convergence of the series. Foi* such values of x we have 

a< r > (x) = En(n —1)... (n—r 4-1 )a n x n ~ r 

n-r 


so that a w (0) = r! a r . Thus a , = a (r) (0)/r! for all positive 
integral values of r. This proves the theorem, 
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Examples 

1. Discuss the uniform convergence with respect to x 
of the series 


(i) 2 - 

n~\n u 
(iv) 


(ii) 2 


(m) 2 


= l (x 2 4-ra)(a: 2 +ra+l)’ 
sioh x 

cosh nx cosh (n+l)a;’ 

2. Discuss the uniform convergence with respect to $, 
where 6 lies in the range (0, 2ir), of the series 


® _ w / r \ x 

iv) 2 h-v-h Sin 1 + 1), (v) 2 
n = 1 V» V nl , l = u 


* log n 

(i) 2 -sin. nB, 

n~ 2 n 


sin nB 

y/n 


(ii) 2 cos ”8 cos nB, 

00 

(iv) S n~® cos (2/i-l-l)0. 
l 


(iii) S 

ft=l 

3. Find the sums, for |a?|^l, of the series 
1.3.5...(271 — 1) x 2 ** 1 


^ ~ti~i 2.4.6...2n 2n-fl* 

. v # lx „1.3.5...(2n —1) * an + l 
(U) a tf 1 ( ~ } 2.4.6...2ra 5TPT 


and deduce that 


, 1.3 1 , 1.3.S.7 1 

1 -. — *4--• . - -j~ 

' 2.4 5 2 . 4 . 6.8 9 


= J v+ ^iog (l+v'S). 


00 

4. Show that the series 2x(l— x) n is convergent but not 

n=0 

uniformly convergent for 0<a^p<2. Is there an interval 
of uniform convergence ? Show that the sum of the series is 
not continuous at the origin but that term by term integration 
over the range (0, 1) leads to a correct result. 

00 

5. Show that the series 2x n (l—x") is not uniformly con- 

ft = l 

vergent in the interval Osghsgl and determine for what 

00 

values of a the series 2(l—x) a x n (l—x n ) is uniformly eon- 
n =l 

vergent in that interval. 
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<i. By comparing it with an integral, show fcliat the series 
a:“ 


'f. . r /i 

11 l 1 -\-n~.tfft 


(a>0, j8>0), 


will not be uniformly oonvorgenf in any interval including tho 
origin if a<fi. 


7. If 


/(*) 


a*» 11 *»•+* 1 

2«+I " 2/7+2J ’ 


5 f-* 3,H1 

u o l. 2n +1 2n+2] 


show that f(x) is continuous for OiSht-tSU nnd that <ji(x) is 
continuous in the same interval except at tho point x » 1. 
Explain the discrepancy. 

8. Provo that 


(i) sin B—\ sin 28 + 4 sin 38—... = £8, (— wCflO), 

(ii) cos 8 —J cos 28+4 cos 38—... «= log (2 cos £8),'(—«< 8<«•), 

(iii) sin 0+4 sin 30+J sin 58 + ... = Jjt, (0<8o), 


(iv) — + — + — - 
' ' ja 1 2 a 3 2 


(v) 


cos 8 cos 28 


l a 


2 2 


+ 



cos 38 
3 2 


7T 2 

J2 


0 2 

4’ 


(—rr^S^ir). 


[To obtain (iv), multiply (i) by 8 and integrato from 0 to v, 
justifying tho term by term integration over this range.] 

9. Prove that, for 0^8^2ir, 

cc COS 'YbO 

2 ■ — = 1—2 sinJ8{sin J8log (2 sin |0) +i(w—8) cos £0}, 

n=1 «.(n + l) 

CO « fl 

2 -1——— = 2 sinJ8{J(ir — 8) sin |-0—cos 1-0 log (2 sin £8)}. 
«=i»i(n+l) 

Deduce that 


(i) 


1 + A -••• = i(w-2 log 2), 


1.2 3.4 5.6 


.... 1 11 
^ 2.3 4.5 + 6.7 


= i(w+2 log 2—4). 
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10. Prove that, if —1<*<1, 

1 1 — t 1 x x 2 

0 T3^ di= l2 + £s + r8 +-’ 


and deduce that 



1 

O 


(ii) 


-1 JL 

r2 + Ts 


+ ii + 

7.8 

1 

13J4 


3V3’ 

+ -“«73 +i log2 - 


11. By expanding (1+cos 9 cos *) _1 in ascending powers 
of cos 6 cos x prove that, for 0 <6<ir, 


6 

sin 6 


it « (2m)! ® 2 3 “- 2 {(m — 

- ii —-— cos - m 9—T, --- 

2m-o 2 2m (m!) s (2m —1) 


cos 2 ”* -1 0. 


12. If, for a certain range of values of a:, Sa n x n = £&„*" 

31 = 0 31 = 0 

show that = b n for all positive integral values of n. 

Answers. 1. (i) For all values of x ; (ii) — 1<*<1 if 
ct> 1, — l^*^ifc<l if 0<a=Sll, —1<— if a^O ; 

(iii) for all values of x ; (iv) for all values of x ; (v) for — h <0 
and for 0 <k^.x. 2. (i) 0<fc^fl^Z<2-rr; (ii) 0<k^.9^l<n 
and 7r<p<0<g<2w ; (iii) 0<9<2 tt; (iv) 03. (i) 
sin' 1 *; (ii) log (* + \/(l+* 2 )}. 4. 0<&<*<p<2. 5. o>l. 
7. f(x) = log (1+*),*<£(*) = J log (1+*) when |*|<1, while 
/(1) = = log 2. In the proof of Theorem 45 it is assumed 

that the series is arranged in ascending powers of *. The 
theorem does not, therefore, apply to <j>(x). 
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47. Multiplication o£ Series o£ Non-Negative 

■n 

Terms. Suppose that Sa w Sb n are any two series. Then 

It: (1 «- <i 
r: 

the series £c n , where 

«~U 

C n — 1+ 

is called the product series of the two series Sa n and Eb n . 
The reason for this definition, in the case of series whoso 
terms are non-negative, is shown by the following theorem. 

CO 00 

Theorem 47. If 0, 6„>0 and if Ua % and Sb n 

/i,=0 n = 0 


CO 

• converge respectively to the sums a and then Sc n converges 

n—0 


to the sum aft. 


Consider the array 

dp Q \ ^2^0 ^3^0*•* 

O'(Pl Clpi <^ 2^1 ®Pl 
Clp2 CLp g &P 2 fl'Ps 

Q'Pz ^Pz ®Pz ^Pz 

dp^ 


and suppose that 'denotes the sum of all those terms 
which belong to the (u+l)-th square but not to the w-th 
square. For example 

d/Q = up q j d>i == dpi~\~cipi-\~dp q , ... 
so 
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Clearly we have * 

= A 0 B a , 

dj = A ±Bi A qB 0 , 
d» — A 2 i?2 -I i/l ;; 

d. n = A n B ]l A n ~]B n ^ i* 

Adding we obtain D„ = and, since -4„->a, B n -+fl, 
it follows that Zd n converges to the sum aft. Prom 
Theorems 15 and 14 in turn it then follows that the follow¬ 
ing series 

®0^0+°0^1"l" a l^l'i' a 1^0+ o 0^2+ o l^2+ o 2^2H~®2^1 _ r a 2^0+ • • ■> 
«0 & 0+ a 0 6 l + a A J r a <Pi +®A + a A + a (A+ a A+ a 2^1 + a 3^0 
+ • • •> 

a O^O + ( a A+«lho)+( a 0^2+®lfil+ a 2^o)+ • • ■ 

are each convergent to the sum a/3. This proves the 

theorem. 


48. Multiplication oi General Series. Consider 
the series Za n and Sb n where 

( — l ) 11 

«o = % = &o = b i = 0. a n = &. = 

We have 

\« / . 


(- 1 )” 


(.log 2 log (n— 2) + log 3 log (w—3) 

, 1 ) 

■ ' 1 log (m— 2) log 2j ’ 

so that, when n is even, 

n —3 

n -7-r. >00, 


log n 

1 




and, when n is odd. 
c„ <. 


(log In) 2 
n —3 


{log J(w—l)Tog i(w+l)} 

The series Uc. n therefore does not converge. 

* Throughout this chapter A n denotes Uav and B n , C n , D n are 

y=0 

defined similarly for the series 2b n , Ec n and Ed n . 
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This example shows that to ensure the convergence 
of 2e n to the product of the- sums of the series 2a n and 
2b n we require, besides the convergence of 2a n and 2b nl 
some further limitation on the behaviour of these series 
or of 2c. n . One sufficient limitation of this kind, namely 
&.„>(), has already been obtained. The theorems 
of this article provide further illustrations of this principle. 

Theorem 48. If 2a H , Sb n converge absolutely to the. 
sums a and j8, than 2c- n converges absolutely to the sum afi. 

Since 2a.„ and 2b n aro convergent it follows, as in the 
proof of Theorem 47, that the series 

<*o&o+K 6 i+«A+ a A) 

+(a 0 & 2 -1-0^2+a 2 ij 2 -(-«»&, +«A) + • ■ • (1) 

converges to the sum <xj3, and, since Z'|a B | and 2\b n \ aro 
convergent, that the series 

hlM+(KN 4>#iM%!AI) 

AKlAi + KllM A a 2lA! A a 2fA! + !®2[A|)+--- 

is convergent. Prom Theorem 15 it follows that the series 
a, } b 0 - ! r a (j b 1 d - c j6 ^ ^ -j~ ... (2) 

is absolutely convergent. Let the sum of this series be a. 
Series (1) is obtained from series (2) merely by the insertion 
of certain brackets. Hence, from Theorem 12, a = cqS. 
It now follows from Theorem 29 that the series 

0<A+®<A + a i& o+°<A+ a A +# A+• • ■ 

converges to the sum aft and, from Theorem 12, that the 
series 2c n converges to the sum afl. 

The absolute convergence of 2c n follows from the 
fact that 

^KI<KA! A a oAI + KlA!+--- > 

ii—Q 

which is convergent. 
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Example. If z is any complex number and exp z is defined 

CO 

to be Ez n /n\, prove that 

ft —0 


exp z exp £ = exp (z+£). 


The series for exp z and exp £ are absolutely convergent 
for all values of z and £ respectively. Hence 


exp z exp £ = £ 

ii = 0 


/z" 

In! 


z«-i£ | z»-*£“ 

+ (n-l)lll + n—2)12! 


+•■• + 


L”) 

III 




» 1 

= 2 - («+£)“ 
« —0^- 

= exp (z + £). 


Thhosbm 49. 1/ 27a,,, Sb n converge respectively to the 

CO 

sums a, ft and if Uc n converges then Zc n — aft. 

n— 0 

CO CO CO 

By Theorem 44 the series Sa n x n , 2b n x n , 2c n x n are all 

ft =0 ft = 0 ft =0 

absolutely convergent for —1 <z< 1. Let their sums be 
a(x), P(x), y(x). The third series is clearly the product 
series of the first two, so that, by Theorem 48, 
y(x) = a{x)p(x). 

Let x-+l. Then it follows from Theorem 45 that 


Sc n — afi. 

ii = 0 


Example. Prove that 

Jo (-1) " {(«+D-1 + ^~ 2 + "' + L(n +1) ( 


= (log 2)». 


Write o» = 6„ = (-l) B /(n + l)» (n>0). Then Ea n and Zb n 
converge to the sum log 2. Also the product series of Za n 
and Eb n is Ec n where 


= (- 1 )" 


r_ l _+ J_ 


+ ••• + 


1 1 
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When n is even wo have, by Theorem l(i, 




+ ■■• + 


2 /_I— 

l(n + l).L n. 2 (In+l) 2 | 

/•!'»+1 dx /1\ 

2 +° y 

/i i \ /1\ 

J, t + »H^W°y 

r X -i i« H- X /\\ 

Kh^i-j, +°y 


2 

«+2 

2 

n +2 
2 

ft +2 

■ o(l). 


log (ra + l)+0 Q 


Similarly, when n is odd, o„ = o (1). 

Moreover, |e.„ | is a monotonic decreasing fimetion, for 

l c n-l | — Kl I 


1 


; + • 


1 


.+■•■■ 


1 1 1 
l.n (n + 1).] n.2 




ft.l 1 (n —1).2 

,i(i_I\ + JL(!_I\ +... + 1(1—L\ 

nil 2/ ~ n —1 \2 3/ 1 V n+1/ 

ifi-I+i-L.+ 

wU 2'2 3 ^ 

1 1 1 
» n(ft + l) n + 1 
0. 


l.(ft + l> 

1 

n. 4-1 


,_Ll 

n+1 j 


' «+i 


It follows from Theorem 32 that Ec n is convergent 
and, from Theorem 49, that its sum is (log 2) 2 . 

Finally, we have the following theorem of Mertens. 

Theorem 50. If Ea n converges absolutely to the sum a 
and if Eb n converges to the sum ft, then Ec n converges to the 
sum a/8. 

Let the sum of the series E\a n \ be o-. From hypothesis 
there is a positive number K such that, for all values of n, 

|6 l +l> 8 +.,.+^[<^', 
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Moreover, given e, we can find N 0 = N 0 (e) such that, 
for n>N 0 and any positive integral value of p, 

\ a n+X | + K+ 2 1+... + K+i, I < ej4K, 
and we can find N x = N x (e) such that, for n>N v and any 
positive integral value of p, 

\K +i«+i + ■ - • +& n +s> | < e/2a. 

Let N be any fixed positive integer greater than N 0 . 
Then, taking n>N+N v we have 

A n B n — C n = («0+ a l + "-+ a »)(^0 + ^l + ---+^n) 

—[° <P o+(a o^l o)+(®0^2 +®i&i 0 ) +... 

+( a (Ai+ a Ai-l+-" + a m-l&l+ a n&o)} 

— a i^i»+ a 2(^Ti-i +&») +a 3 (6„_ 2 +&„)+... 

+a n (& i +6 2 +... +6„) 

= ®A»+ a 2(&n-l+&*i) + --- + a A'(&ji-JV+i+--- +6») 
+ a A’+l(&n-xY + ■ ■ • +& n ) + • • • + a n(&l +&2 + • • • +K) 

= -Pn+ftiJ 
say. Now 

|©n| s S2Z{|a j y +1 | + |a i Y+2l+--- + | a n|} = l e - 

Also, 

|'P n |^{| a ll + l a 2l+"- + ! a A T |} M ax \K-m+■ ■ ■+K\ 


Thus, for w.>A+A T 1 we have \A n B n —G n \<e; that is, 
lim (A n B n —G n ) — 0. In other words, the series Bc n 
converges to the sum a,8. 

Examples 

1. Prove that, for certain values of x and d which are to 
be stated, 

(i) rb l0 s rb = £ x ( l +*+i+-+3 *“■ 
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1.3 a 

2.4 







Answers. 1. (i) jcc[ < 1.; (ii) |*|<1, all values of 0. 
2. |*| <1, all values of 9; or * = 1, Q^2krr ; or *= — 1, 
8^(2k-{-l)Tr, k being any integer. 
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INFINITE PRODUCTS 

49. Convergence and Divergence of Infinite Pro¬ 
ducts. Suppose that a n is any real* function of n 
defined for all positive integral values of n and let 

P« = n{l+a r ) = (l+%)(l+ffl s )...(l-fa„). 

r~ 1 

If P n tends to a finite non-zero limit P, then we say that 
the infinite product 27(1+a„) converges to the limit P 
and we write 

n(}+a n ) —P. 

11 = 1 

If P n does not tend to a finite non-zero limit, then we 
say that the product 27(1+«„) is divergent. When P„-»0 
we say that 27(1 +a n ) diverges to zero. The phrase 
“ diverges to zero ” as applied to an infinite product may 
at first sight seem curious, but it appears quite natural 
when we observe that the behaviour of the product 27(1 + a n ) 
is completely determined by the behaviour of the series 
2 log (1 —««)> where l+a„ must be positive. This follows 
since 

11 il 

log P n = log {27(1 +ts,)} = 2 log (1 +a T ). 

r= 1 r=l 

Thus, to say that the product 27(1 -faj diverges to zero 
is the same as saying that the series 2 log (1 +a n ) diverges 
to —oo. It should be noted that, if each of a finite 
number of factors has the value zero, the product is 
convergent if it converges when these factors are removed. 
In such cases the product has the value zero. 

* It is to be assumed throughout this chapter that a„ is real 
and t*— 1 for any value of n. 



M 


INFINITE SEMES 


50. Some Theorems on Special Types of Pro¬ 
ducts. We lirst prove two theorems for products in 
which the tt„ are all of the same sign. 

Theorem 51. If «„ -0 the mrien 2a„ and the product 
11(1- 1 «,,) converge. or diverge together. 

When r, d) we have 1 ) .!•■ «•". Thus 

a l +a.y\-a, i ... | o H <(I f■«,){! ■] « 2 )...(H "> + - + '\ 

that is, 

~ h.i' id.,. ’ . j l 

Since /’„ and A„ arc monotonic increasing functions of » 
the result follows. 

Theorem 52. If —1< the mm Za H and. the 
product 17(1+0,) converge err diverge together. 

.For convenience, write b n =—a n so that 0<6»<1. 
Since 1—for 0^a<l, we have 

0 <P B <e-»>+ ( '«+...+Sn). 

Thus if Za n is divergent we must have 0; that is, 
the product diverges to zero. 

Suppose, now, that 2a n is convergent. Then, given <=, 
we can find N —N(e), such that 

«3 

0 <Z6,<€. 

Also, 

(1— &jv)(1— bn/— 6jf-n> 

(1 (1 — &a’+i)( 1 — &w+s) -^ (i—ijjf ~^-n)( 1 —^jv+a) 

i^l—b N —b N+1 —b N+2 

and therefore, for n>N, 

(1—6^-)(l—6^ +1 )... (1— b n )~^\— b N —b N+1 ... —b„> 1—e. 

Clearly, PJPjj-i is monotonic decreasing and we have 
shown that it has a positive lower bound. It follows that 
P„ tends to a finite non-zero limit; that is, 17(1+a„) is 
convergent. 
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The following theorem provides us with an easily 
applied test for the convergence of an infinite product 
in which the a n may be of either sign. 

Theorem 53. If the series Eaff is convergent, then 
the product IJ( 1 +a„) and the series Ea n converge or diverge 
together. 

Since £a v z is convergent we can find N such that 
Ki|<& for n>N. For such values of n 

log (\+a. n )-a n \ = a f~ C f+... 

“ 2(1-W) 

< a,. 2 . 


It follows that the series 2\log(l+a n )—a n \ is convergent 
and therefore that the series H{log (l+a„)—aj is con¬ 
vergent. That is, log P n — A n tends to a finite limit. The 
theorem therefore follows. 

As illustrations of Theorems 51, 52 and 53, we observe 
that the products 


n( 

M = 1 V 


1 + 


nj „ =2 \ n 


« f 
n i+ 

ii-i i 


(-i)i 

n J 


are respectively divergent, divergent and convergent. 


51. The Absolute Convergence of Infinite Pro¬ 
ducts. Before defining the term “ absolute convergence ” 
as applied to an infinite product we prove a theorem of 
independent interest. 

Theorem 54. If the series U\a n \ is convergent, then the 
series E\log (1 +a n ) | is also convergent. 

Since E\a n \ is convergent we can find N such that 
\ a n\ < l for n^N. When a n 0 and n 5* IV we have, as 
in the proof of Theorem 53, 

| log (l+o*)I = log (1 + KI) < < 
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while, when a n <0 and n^N, 

| log (1 +a n )\ = log ~ = log (l - j^) 



Thus, for all values of n^N, we have 

I log (1+«»)I< 2 KI. 

and the result follows from the comparison test. 

We deduce at once the following theorem. 

Theoeem 55. If the product 77(1+ KI) is convergent 
so also is the product 11(1+a n ). 

By hypothesis and Theorem 51 the series S\a n \ is 
convergent. Hence, by Theorem 54, the series 27[log (l+o„)| 
is convergent. Thus the series 2 log (l-fa„) and therefore 
the product 77(1 -fa,,) are convergent. 

The product 77(1 fas n ) is said to he absolutely con¬ 
vergent if the product77(1 +|a„j) is convergent. Theorem 
55 therefore merely states that every absolutely convergent 
product is also convergent. 

There is an analogue of Theorem 29 for infinite products. 

Theorem 56. The factors of an absolutely convergent 
product 77(1 +a„) may be rearranged in any order without 
affecting its convergence or its sum. 

Since the product 77(1 + |a„|) is convergent the series 
| is convergent by Theorem 51. It follows from 
Theorem 54 that the series 27 log (1+%) is absolutely 
convergent. The order of the terms of this series may 
therefore be altered without affecting its convergence or 
its sum. The required result follows at once. 
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52. The Uniform Convergence of an Infinite 

00 

Product. The infinite product TI{l+a n (x)} is said to be 

n—1 

uniformly convergent for a^x&'-h if 
P n (x) = II{l+a r {x)} 

n—1 

tends uniformly to a limit P( x) for a^x^b. 

The following theorem may often be used to test for 
the uniform convergence of a product. 

Theobem 57. If the series 2\a n (x)\ is uniformly con¬ 
vergent for a^.x^.b, then so also is the product II{l-\-a n (x)}. 

Since the series £\a n (x)\ is uniformly convergent for 
a^x^b, we can find N, independent of x, such that 
whenever n>N. For such values of n and 
we have 

|log {1 +a n {x )}|< 1 a n {x) 1 +|| a n {x)\ i +... 

^ KW1 
''i—K(*)l 

<2|a u (a:)|, 

whence it follows that 2J|log {1+«„(£)} |, and therefore 
2 log {1 +a n {x)} is uniformly convergent for a^.x^b. 
In other words, log P n (x) converges uniformly to a limit 
which we may call log P{x) ; that is, P n {x) converges 
uniformly to a limit P(x). 

For example, the product 17(1 +x n ) is uniformly con¬ 
vergent for |a;|<p<l. 

We now obtain the analogue of Theorem 39. 

00 

Theobem 58. If the product 17(1 ~\-a n (x)} is uniformly 

n — 1 

convergent for a^x^b and if lim a n [x) — a n , where a^x 0 ^b, 

th/671 oo oo 

lim II{l-\-a n {x)} =i7(l+a„). 

x-*z Q ft* 1 n=l 


G 
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The series 2 log {1 T«„(®)} is uniformly convergent for 
n I 

«<*<& s<> that, by Theorem Ill), 


lim 2 log - - 2 log (1 |-o„). 

7i< l n l 

The re,suit at once follows. 


53. The Infinite Products for sin x and cos x. 

Wo shall show that, for all values of x, 


sill x — xfl (l-—s'), 

»,.i \ n-rr-J 

“ f, 4® 2 1 

cos x — n 1 - 75 - r ,— 1 . 

11,. I l (2'«— 


We shall obtain the infinite product for sin x and 
deduce from it the infinite product for cos *. 

It should be noted, firstly, that the result is true if x 
is any multiple of re, since each side of the identity is 
then zero. Wo shall therefore suppose that x is not a 
multiple of v. 

Secondly, we observo that, if n is an odd positive 
integer, sin nx is a polynomial in sin * of degree n, for, 
if true for 1, 3, 5, ..., n—2, this is also true for n, since 


sin nx =2 sin (n—2)x cos 2®—sin (n—i)x 

— 2 sin (n— 2)®{1 — 2 sin 2 ®}—sin (n— 4)®. 

The assertion is true when n = 1, 3, so that it is true 
generally by induction. 

Thirdly, sin nx vanishes when x is any multiple of 
t r/» so that, when n is odd, we may write 

l(n-l) 

sin nx = K x sin * 17 {sin 2 ®— sin 2 (r7r/w)}, 

r=l 

°' . „ . Un-i) I sin 2 ® i 

sm nx = sm x 17 1 1- r-r ,—rr 

2 / =1 l sm 2 (rnln)l 

where K x , K 2 are independent of x but may depend on n. 
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It now follows, on writing x for nx, that 

KK.ni) (. sin 2 (x/n) ) 


sin x = Ko sin 


«k— u ( 

( x / n ) n 1 1 

r=l t 


sin 2 (nr/fi)]' 

In other words, for all values of x under consideration, 




_ J sin x | j D | sin 2 (*/») } 
— (sin (x/n) J / [ sin 2 (nr/«)J‘ 


In this identity the left-hand side is independent of x 
and therefore so must also be the right-hand side. To 
determine their common value let x->0. Then clearly 

sin x 


K, 


• lim •. ... 
z-»o sin ( x/n) 


Thus, for all values of x under consideration and for 
all odd positive integers n, 

sinx = n sin (xlnfn^h- ^ X!n \ ) 

‘ ' r -i t sin 2 (rn/n)l 


where 


= n sin (x/n) IJ {1+/,(»)}, . . 

r=l 

/,(») =0, {r>|(»-l)}. 


(1) 


From the inequality 0^sin 9^26/v , (0<i9<|7t), we 
have, for n>2\x\lv, 

if I \\ <?— n ~ 7r ' i — fl 
' /rW| ^» 2 4r 2 7r 2 4r 2 

and the series U —- is convergent. Thus the product on 
4 r 2 

the right of (1) is uniformly convergent for all values of n 
and it follows from Theorem 58, on making n tend to 
infinity through odd integral values, that 

CO 

sin x — lim {n sin ( xjn )} U {l+lim/ r {»)} 

n—> oo r=1 
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To obtain the infinite, produet for eon x we observe 


that 
cos x ■■ 


sin 2a- 


2 win x 


1 

i . i**) 

2a: lim 77 1 


^“77“/ 

•it y 

. “V 

2a; lim H ( 

1 

tt-*» r l ' 

V"7T“J 


-lim (i K) (l-*£) 

B-K* \ 1*“J\ '>-71 -] 


! i 


4a; a | 

(2»—Ij*w s f 


CO { 

-rt{ 1- 

r«l i 


4a: 2 } 

'{2r^rjV J f 

Prom the expression for sin * as an infinite product 
we can oaaily deduce the following expansion for cot x, 
valid for all values of a except zero or a multiple of i r:— 


eot x ■■ 


1 « / I 

2 [ 

x 


We have 


i \rrr—X rir+x 


u. 

■+x} 


log sin x = log x+2 log 

r = 1 

whence 


(l_iL\ 

\ rhr*) 


cot X 


I » 


2x 


( 2 ) 

(3) 


for all values of x for which term by term differentiation 
can be justified. If x lies in the interval 

for+6, e 2 , 

where k is zero or a positive integer, we have 
_2~ 

‘ -* 2 ^ 2{fc+1),T , = f +2 r 2 7r 2 -(/c+l) 2 7r 2 

__ 2(i+l) 3 1 

'* ^ +2 r*-(k+iy’ 

and this series is convergent. We obtain a similar result 


2 
=k +2 
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when k is a negative integer. Series (3) is therefore uni¬ 
formly convergent for any range of values of x which does 
not include a multiple of n. It follows that term by 
term differentiation of (2) is permissible for such values 
of x and that (3) holds for all values of x which are not 
multiples of tt. 

The stated result at once follows. 


Example. Prove that S — = —. 

n= i » 3 6 

Prom the series . x 3 

sm x — x -1-..., 

Oi 1 ' 


we have, as 


3! 


sm x 


x 6 


log 


sin x , f 
- = log ■! 1 — - 


fog (i-j+OOs*)} 

X 2 

“ T 

1 CO / \ 00 

? n i x log ( 1_ sv) = - f x 


On the other hand, 

1 , sin. x 
- log - 

X 2 X x■ 

Let ®-M). Then, from Theorem 39, 
_ 1 
~ 6 

which leads to the required result. 


T-. +Z0 


©■ 


-S4-, 

n=in-7i 2 


54. The Gamma Function.* Suppose that x is 
neither zero nor a negative integer and that 

W = TTTTT r^TT -' (!) 


We may write 


x(x+l)...(x+?i) 


P n {x) = + (l+|) (l+~je^o Sn 


^(l + 4 + i... + i-logn) JJ 


K( l+: ')*"" 


* See Q„ § 36. 
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The series 2 ! log /L 1 -1 - • - j behaves like 2—, and is tliere- 
{ p \ r J r I r~ 

fore convergent. Thus the infinite product 17 ^1 f 

is convergent and we have 

lim 7» n (se) =,-——I—- , . . (2) 


MT*nU-\-'^er*ir 


this limit having been shown to exist. This limit defines 
for all values of * except zero or a negative integer the 
Gamma function F(x). 

We proceed to obtain some properties of F.(x). 


(i) If x is neither zero nor a negative integer 


F(x+ 1) = xF(x). 


We have 

r,, , ,, r re“ + 1 ra! 

r (x+l) -lxm ( a+1)(8+2) _ (a . +B+1) 

_ r n .. n x n! 

~ X s+re+l x{x+l)...(x+n) 

= xF,(x). 

' In the particular case when x is the positive integer n 
we obtain, by repeated application, 

r(m+l) = nF(n) 

= n{n-l)F{n-l) 


= re(re-l).,.3.2.1.r(l) 

, n.nl 

— n! lim 

1.2...(re-|-l) 


= re!. 



INFINITE PRODUCTS 


103 


This shows that P(ra+1) may be taken as a suitable 
definition of the symbol n\ where n is any real number 
except a negative integer. 

(ii) If x is neither zero nor an integer 


F{x)F (1— *) 


7 T 

sin ttx 


We have 

r(x)r[l-x) 

— lim 


»' n\ 


x(x+l)...(x J r n) 
n 


jim «- l ~“ n! 

n-+ao (1—*)(2 —x)...{n+l—x) 


= lim ——^—. lim 

W~*Q0 71 ~ f“ 1 ^—>00 




>■“1 \ 


sin ttx 

When x = -J this result becomes 

{ r (|)} 2 = -r-V = 17 . 
x sm fir 

Now (2) shows that, when x is positive, Fix) is also positive. 
It therefore follows that f (J) = yV. 

(iii) (Duplication Formula.) For all values of x for 
which the Gamma functions are defined 


F(2x) 


223-1 

V rt 


F(x)F(x+ 1). 
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Wo have 

H4/> | J) 
i’(&). 

■; lim -7 


»■* «.! 


lim 


n -*+J »! 


v li,„ l)...(2a+2re) 

x ;« (2«)*(2«]r 

ni2 S«-lU.|.l (, tt l)l! 

um-:-: 77~r, 

W~>0Cl •i»*'|"W"f "a 

.,! ►“ «TH»+1 {V(&r)(2»p-> hr 1 2 "}’ ( " " } 

« V(2w)8- a,+ ‘lim -rjTi 

W-vco fc-HH-j- 

yV 

~ 2 2 -'- r 


Example. Provo that, if a, 6, a-i -b too not negative 
integers, 

ft r(l+«)r(I+ft) 

r=i (»•+<»)(»•+&) P(l+a+6) 

Wo have 
ti +1 r(r+«+6) 

r=l (»•+«)(»•+&) 

(l-j-a-f6)(2+a+6)...(l-|-a-|-b+re) re 2 'i‘ a 

n i+o+6 n i ■(l+o)(2+tt)...(l+a+n) 

re 1+6 n! re+ 1 

X (l+6)(2+6)...{l+6+re) ’ ~re~’ 
and the result follows on making n tend to infinity. 


1. Prove that Examples 

CO / „ O0 CO m 3 _ 1 O 

(i) n 2 «/» = 4, (ii) JT{l+(i) 2 }= 2 , (hi) J7 — = 

w=l «=0 n=s2™ "T-*- ” 

2. Prove that a necessary condition for the product 

CO 

77(1+« n ) to be convergent is that a n tends to zero. 

n -1 
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3. Prove that the product 

( 1 + 72> t 1 -^) ( 1+ 7i) 

diverges to zero 

4. Discuss the convergence of the products 


1 • *\ 

1 —n sm —I, 

n 2 } 

(ii) 17 

W = 1 

. n°- [’ 

(iv) n 

n —1 


(— Jir< 0< Jv), 


, , tt t x + x2n \ 

w £(lTW' 


, .. ft ( 1-6-“/" 1 
(vi) _ZT ) - . 

• =, 1^ ('+;)}' 


5. Prove that 

(i) II {l+ 2 a : 2 " _1 cos ( 2 "- 1 fl) +x*"} 


1 — 2x cos d+z* 

( — Iced), 


(ii) iI{l+ 8 - 2 ’V} = JU+coth j,), 
n = 1 


Deduce from (ii) that, when <j>> 0, 

co 

•£ 2"(1 — tanh 2 n <f>) = coth 

fi —0 

6 . Prove that 

(l+i)(l-i)(l+i)-. = 1 , 

but that when the factors are rearranged in the form 

where three terms greater than unity are followed by one 
term less than unity, the product is equal to \JZ. 

7. Prove that 


(i) 


sin 77 -x 
irx(x + 1 ) 


n{( i- 

n = l 


•3( 


i+ 


n. 


n+l/j 


(ii) t t 2 cosec a 7 tx = 2 ( x+n )~ 2 . 

n = — co 
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8. Provo Unit, for till vtiluus of .r, 

Sit / r \ 

lim II (1 — = 2~". 

B-mo r - u r 1 V *' 

9. Provo that, if y, y~\-x, y—x tiro neither aero nor nogntive 
integers, 

fi < i- ^ 1 = , {H i/) } 3 

(n+y)*) i'(y--<or(iH-«)' 

10. Provo that 

m ri 4 ^ 4ra ~ 2 > = {£W 

*=1 (4»+f)(4n—3) 4 y / ’t’ 

(ii) £ (- ~2 log = r~l°g i 7T- 

w=al \n 2n-M/ 


11. Provo that 


-7 + 5S-7-(*+3(‘-3(‘ + 3(‘-1) 

*K)K)- 


12. Show that, with certain restrictions on. the values of x, 
2 /l 


y+ 2 

\r aj+r/ 


(') ^log.T(*+l) 

(ii) r(rs+i)r(2:+i)r( ; i:+J)r(a;+l)=(2v) 3 / 2 2-8«-ir(4a: + l). 
13. Prove that 

n nr(~) ■ (2 ’ r)Kn ” 1) 

r=l 


V n 


Astswjibs. 4. (i) Diverges to zero if 6> 0, converges if 
6 — 0, diverges if 6 <0 ; (ii) converges for |*|<1; (iii) con¬ 
verges for a>|; (iv) converges for 6 = ; (v) converges for 

|®|>1 and for x — 1, diverges to zero for — l^KCl; (vi) 
convergent, [o must he > — 1]. 12. x must not have any 

value which makes the argument of one of the Gamma 
functions zero or a negative integer. 
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DOUBLE SERIES 

55. Introduction. Suppose that we have the array 
of numbers 


%1 

a 12 

a n 

«14 

a n 

a n 

a 23 

®24 

a 31 

®32 

a 33 

a Si 

a a 

a i2 


*41 


We wish to consider the series whose terms are the 
members of this array. The series is called a double 

CO 

series and is denoted by 27 a mn . In defining what we 

m,n=1 

mean by the sum of such a series we are at once confronted 
by a difficulty. For example, the following four definitions 
of the sum might be regarded as quite reasonable. 

lim I (27 a mn ), .(1) 

N-+ca v = 2 m+n~v 

lim ( 27 a mn + 27 a mn +a NN ), (2) 

N-> oo m=N ) n<N m<N, n=N 

M N 

lim { 27 (lim 27 a mn )}, .... (3) 

M — ^co m — 1 jV->oo w = l 
N M 

lim { 27 (lim 27 a mn )} .... (4) 

2V-*oo w = l M -+co m — l 

In the first* we are summing by “triangles,” in the secondf 

* U am t n — a \, v— 1+<*2, v—2+***+ ay —1,1* 
m+n=v 

t 2 <*m, n = 1+BN, 2 + —jar—1- 

m=*N, n<2? 
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by “ squares," in the third by “ rows ” and in the last by 
“ columns.” Clearly these methods of defining the sum of 
the double series are only four of an infinite number which 
could 1)0 devised. 

Naturally, wo wish our definition of the sum of a double 
series to conform as closely as possible to the definition 
of the sum of a single series. This analogy may bo pre¬ 
served by starting at the top left-hand corner of the array 
and taking successive groups of terms, where each group 
consists only of a finite number of terms of the scries and 
contains all the elements of the preceding group, arid then 
examining the. limit of the yj-th group as p tends to infinity. 
Those successive groups correspond in fact to successive 
partial sums in the case of single series. Generally speaking, 
the limit of tho yr-th group will depend on the system by 
moans of which the groups are formed. When, however, 
tho limit is finite and independent of the system of grouping 
we say that the double series is convergent and that the 
limit in question is the sum of the series. In all other 
oases the series is said to be divergent. We use the 
term properly divergent in the case of a series where 
the 3 >-th group tends to +oo or to — oo for all possible 
systems of grouping. 

It will be noted that the third and fourth definitions 
above are not included in this general definition since our 
groups in these two cases do not consist of a finite number 
of terms. If (3) is finite we say that the repeated series 


00 00 

2 2a. mn is convergent to the value of (3), and if (4) is finite 

n -1 rt —1 


we say that the repeated series 
the value of (4). 


2 


«=i 


CO 

% a mn 
m =1 


is convergent to 


The following preliminary theorem will serve to illustrate 
these definitions. 
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Theorem 59. 

i) If 2 a mn converges to the sum a and if 2 b mn con- 

m, n -1 m,n=l 

verges to the sum ft, then 2 ( a mn +b mn ) converges to the 

m, n =1 

sum (a+,8). 

00 

(ii) If 2 a mn converges to the sum a and if c is inde- 

m,n~ 1 

CO 

pendent of m and n, then 2 ca mn converges to the sum ca. 

m,n =1 

Similar results are true for repeated series. 

Write c mn = a mn +b mn . Take any system of grouping 
@i, <? 2 > ••• an d let g p , g' p , g’ denote the sums of all 

the terms in the group G p for the series 2a mn , 2b mn and 
2c mn respectively. Clearly g" p = g t +g’ p . But g p and g p 
tend respectively to a and /3 as p tends to infinity. Henoe 
g"—.ra+fi, and this holds no matter what system of 
grouping is adopted. Result (i) therefore follows. 

We leave to the reader the proof of (ii) and the considera¬ 
tion of the case of repeated series. 

56. Double Series whose Terms are Non-negative. 

Theorem 60. If, for all values of m and n, a mn >0, then 

cO CO co 

the double series 2 a mn and the repeated series 2 2 a m „, 

m,n— 1 m= 1 «=1 

co co 

2 2 a mn either all converge to a finite sum. a or else they are 

n—1 wi = l 

all properly divergent. 

We prove first that the double series either converges 
to a sum a or is properly divergent. 

Consider any method of grouping the terms of the 
series. Let the successive groups be denoted by G v G t , ..., 
G„, ... and let the sums of the terms in these groups be 



110 


INFINITE SERIES 


denoted by g x , g 2 , ..., g P , ... respectively. Then, in accord¬ 
ance with the definition of our system of grouping, and 
since 0, we have 

9i <03 < • 

Suppose that the sums of all selections of terms from 
the double scries, finite in number, are bounded and have 
upper bound a. Then clearly, for all values of p, g v ^a. 
On the other hand, given e, there is one finite sum at 
least which is greater than a—e. By choosing a large 
enough value of p, say p lt we can include all the terms 
of this finite sum in the group 0 Pi . Thus g Vi >a —e and 
a fortiori g p >a—e whenever p^p v Hence, as p-yoo, 
g p ->a, and, since this is independent of the system of 
grouping, it follows that in this case the double series 
converges to the sum a. 

Suppose now that there is no upper bound for all the 
finite sums of the terms of the series. Then, given any 
positive number K, there is at least one finite sum which 
is greater than K. As before, we can find a value p 1 of p 
such that G Pt contains all the terms of this finite sum. 
Hence <?„>K for p~^p x an< ^ the double series therefore 
diverges to+co. 

We have now to consider the case of the two repeated 
series. It will clearly be sufficient to prove that the two 
series m « «, 

2 ( 2 a. mn ), 2 2 a mn 

p = l m+n~p m=1 n~ 1 

converge or diverge together and that, when convergent, 
their sums are equal. 

Suppose first that the double series converges to the 
sum a. Let c v = 2 a mn . Then, clearly, for any fixed 

m+n^p 

value of m 

a ml+®m2 + --- ^C m+1 +C m+2 + ... . 

Since the double series is convergent the series on the 
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III 


right is convergent and it therefore follows that, for each 
00 

fixed value of m, the series Ea mn is convergent. 


Write 


n=l 

% = O^E{Za mi ). 

j>—2 m~l n=l 


Then it is clear that whence lim C'„. Again, 


we may write 


Cp E { E a mn -\-r myV + 1 }, 

m—l n—1 


where r m i;+1 — E a mn . Given e, we can determine 
n=v +1 

such that, for v>v k , 

\ r k,v-n\<elp> {* = 1 . 2 , ... l x). 

Let v be fixed and greater than Max v k . Then 

k=l, 

, V 

<27 E 

m=ln —1 

^ C^+^+e. 


It follows that lim C’^a+e. But e is arbitrary, so that 

/Lt—>-00 

lim C'^ < a. We have already proved that lim C^a. 
The repeated series therefore converges to the sum a. 

Now suppose that the double series is properly divergent. 
00 

Then either Sa mn diverges to +co for some value of m, 
1 
CO 

or 2a mn converges for every value of m. If the former is 
« = 1 . ^ 
true the repeated series diverges to -f co and no further 
proof is required. If the latter is true we prove exactly 
as before that C^C'^, whence C'^+co. 

The theorem is therefore completely proved. 

We now obtain the analogue for double series of the 
comparison tost. 
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Theokem 61. If, for all values of m and n, a mn ^b mn ^O, 
00 

and if the series E a mn is convergent, so also is the series 

m, n~l 

GO 

E b mn . A similar result also holds for repeated series. 

m,n~ 1 

Take any system of grouping G v G t , ... for the series 
Ea mn and Eb mn and let g v , g t , be the sum of the terms 
of Ea mn and Eb mn respectively in G v . Clearly g',,^g v . 
Now g v tends to a finite limit and is monotonie 
increasing. It follows that j' tends to a finite limit. 
For double series the theorem is therefore proved. The 
result is obvious in the case of repeated scries. 

Example. Examine for convorgoneo tho repoatod series 
» «o i 

2 A . 

m =i „ =l m“+m a 

This series converges or diverges with the doublo series 
« 1 

2 - - and, in particular, with the series 

m ,n-l «»“+n a 

* ( 

2 \ 2 

V —1 ^m+n=p w& a +w a J 

If a>l, m-\-n ~ p , we have 

2p a >m a +n a ^2(-}pf 

whence 

p — 1 \ p — l 

2 ? a < m+n=j> ™ a +n a ^ 2(Jp)“' 

It therefore follows that the double series convorgos or 
diverges with the serios 21/p a ~ 1 . Hence the double series, 
and therefore the repeated series, is convergent if u>2 and 
properly divergent if a<2. 

57. The Absolute Convergence of a Double Series. 

The definition of the absolute convergence of a double series 
is analogous to the corresponding definition for single series. 
We first prove the following theorem. 
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Theokem 62. 

00 

so is the series 2a mn . 

m. n — 1 

Let 


00 

If the series £ \a mn \ is convergent , then 


m,n=l 

. A similar result holds for repeated series. 


Then 


hjnn fl'mn ’ . ^mn ®mw j 

:=: ^ 0, 

®mn " h mn C mn , = h mn ~{-C mn . 


Each of the series £ b mn , £ c mn is a convergent double 

m,n = l m,n=l 

series of non-negative terms, by comparison with the 

00 

series 2 \a mn |. It follows from Theorem 69 that 2 ( h mn —c mn ) 

m,n = l m,n= 1 

oo 

= 2a mn is convergent. 

m,n =1 

In the case of repeated series the proof is similar. 

00 

If the double series 2 \a mn \ is convergent, then we say 

m,n<= 1 
oo 

that the series 2 a mn is absolutely convergent. If the 

m, n — 1 

CO oo 00 00 

repeated series 2 2 \a nn \, 2 2 \a mn \ are convergent, then 

m=ln=l n—lm=l 

00 CO CO 00 

we say that the repeated series 2 2a mn , 2 2 a mn are 

m=l n=l n=lm=l 

absolutely convergent. 

As in the case of single series most properties of double 
series of non-negative terms remain true for series whose 
terms are not all of the same sign but which are absolutely 

00 oO 

convergent. In particular, if one of the series 2 2 a mn , 

CO CO CO 171 = 1 11 = 1 

2 2a mn , 2a mn is absolutely convergent, then so are the 
n = lm=l m,n— 1 

other two and the sums of all three series are the same. 
We leave this general result to the consideration of the 

H 
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reader, although it mil in part he proved in the next 
article. 

58. The Interchange of the Order of Summation 
for Repeated Series. We now consider in a little more 
detail an important special problem relating to repeated 
series. We wish to investigate under what conditions we 
are entitled to change the order of summation in the series 

oo 00 

E Ea mn . We have already discussed this question in 
m=l n—1 

certain particular cases. For example, we have proved that 
we are entitled to change the order when 0 and have 
stated that we can also do so when either of the repeated 
series is absolutely convergent. We shall now prove the 
latter result. 

CO 00 OO 00 

Theorem 63. If either of the series E Ea mn , E Ea mn 

m=l n —1 n = l wi~l 

is absolutely convergent, then so is the other and their sums 
are the . same. 

Suppose that the first series is absolutely convergent. 
This is the same as saying that, for each value of m, the 
00 

series E \a mn \ converges to a sum and that the series 
»-i 

CO 

Eo m is convergent. The absolute convergence of the 

m=1 

second series follows at once from Theorem 60. We 
therefore confine ourselves to proving that the sums of the 
two series are the same. 

We may write 

CO CO CO N 00 00 

E £ a mn = H £ ®ran+ £ E a mn 
m=l n=>l m=l n~l m=ln—N+l 

N oo 00 CO 

~ E E cL mn H - E E ctnm 

ft=lm=l m -1 n=JV+l 
oo 

since N is finite and Ea mn converges for each value of n. 

m=l 
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The theorem will then be proved if we show that 
00 00 

lim Z Z a mn — 0. 

JV—>oo m=l n—N+1 

CO 

Let p m (N) = Z a mn . Then 

\pmW\ < Z |o mn |<CT m 
W=i^+1 

CO 

and therefore, by Theorem 36, the series Z p m (N) is 

m =1 

uniformly convergent for all values of N. Hence, by 
Theorem 39, 

00 00 CO 

lim Z Z a mn ” lim Z p m (N) 

N —>oo m—l n—N+I JV—>co m=l 

= Z {lim Pm (N)} 

m— 1 JV—>oo 

= o, 

00 

since the series Z a mn converges for each value of m, 

71 = 1 

A slightly more general theorem of the same type is 
the following. 

Theorem 64. If 

cO 

Pmffl) == ^ &mn 

n=N+ 1 

and if, for all values of N, \p m (N)\<<y m where the series 

CO 00 00 

Za m is convergent then the convergence of the series Z Z a mn 

m=l 771 = 1 71 = 1 

oo oo 

implies the convergence of the series Z Z a mn anct the sums 

n=l 77i= 1 

of the two series are the same. 

We observe that, for each fixed value of n, 

l^Wl “ \pm( n f) Prrfri) \ 

so that the series Za mn is convergent for all values of n. 

m=1 
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Eepetition of the proof of Theorem 63 now yields the 
desired result. 

Example. Prove that 

00 00 (_]_)n 

fflfiiifl(w+TC 2 )(ro+re 2 -l) 12' 

Denote the given series by 8, and by S' the series 


Wow 


«=i ( ^ m Ei{n*+m)(n*+m-l)' 

1 1 1 

(n 2 +»j}(n a +TO—1) n 3 +m —1 nP+m 


so that the series 2 , „ w „ ,, converges for each 

m=1 (n 1 +m)(n a +m- 1) 

value of n to the sum 1/n 3 . The series S' is therefore absolutely 

00 

convergent to the sum of the series 2(~l) n /n z . Hence, by 

n=l 


00 

Theorem 63, the sum of the series S is equal to E( — 

n=l 


Now 


2 ( —l)"/n a = 2 l/n, 2 — 121 fn 1 . 

71 — 1 71=1 71 = 1 


12 ' 


Examples 

l. Examine the convergence of the series 

2 1 
m,n ~2 ( am a +bn a )(log mn)P 


® 1 

2. Examine the convergence of the series 2 -- 


prove that 


2' _L ,±, 

n,.-!*' 120 


and 


where the dash denotes that those terms for which m = n are' 
omitted from the summation. 
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3. Show that, if a and 0 are greater than 1, the series 
°° 1 
m,n=l m a +nP 


converges if )3>a/(o—1) and diverges if ]3<a/(o—1). What 
happens if a or j3 or both are less than 1 ? 

[Consider the corresponding repeated series and use 
Theorem 16.] 

4. Show that 


1 = £ sin{2ir(w+l)/3} | (-1)’ 

l+x+x* n=0 sin(2ir/3) n=0 3" +1 


(l+Zx)** 


stating the rango of validity of each expansion, 
sum of the series 


“ MO" (2 n)\ 

n—m 3* (2»-r)lr! 


Deduce the 


for any positive integer r, where m = ir or f(r + l) according 
as r is even or odd. 

5. Prove that, if |a|< 1, 

x r 00 rx 2r ~ 1 
r Zi (l—x 2r ) s = ,f x l-a^-i' 

For what values of x are the two series convergent 2 Show 
that if |*[>1 the first series is equal to 

CO 

r fx x 2,+i — r 


Answers. 1. Convergent if a and b have the same sign 
and if a>2. 2. Convergent for a>l, j3>l. 3. The series 

diverges. 4. \x \<1 for the first expansion, — (■\/2 + l)<2x< 
(-^3 — 1) for the second. 5. The first series converges for all 
values of x except ±1, the second for JacJ <1. 
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